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Mathematics, in general, is fundamentally the science of
self-evident things— FELIX KLEIN 

2.1  Hkwfedk (Introduction)
vè;k; 1 esa] ge i<+ pqosQ gSa fd fdlh iQyu f  dk izrhd
 f –1 }kjk fu:fir izfrykse (Inverse) iQyu dk vfLrRo osQoy
rHkh gS ;fn f  ,oSQdh rFkk vkPNknd gksA cgqr ls iQyu ,sls gSa
tks ,oSQdh] vkPNknd ;k nksuksa gh ugha gSa] blfy, ge muosQ
izfrykseksa dh ckr ugha dj ldrs gSaA d{kk XI esa] ge i<+ pqosQ gSa
fd f=kdks.kferh; iQyu vius LokHkkfod (lkekU;) izkar vkSj
ifjlj esa ,oSQdh rFkk vkPNknd ugha gksrs gSa vkSj blfy, muosQ
izfrykseksa dk vfLrRo ugha gksrk gSA bl vè;k; esa ge f=kdks.kferh;
iQyuksa osQ izkarksa rFkk ifjljksa ij yxus okys mu izfrca/ksa (Restrictions)
dk vè;;u djsaxs] ftuls muosQ izfrykseksa dk vfLrRo lqfuf'pr
gksrk gS vkSj vkys[kksa }kjk izfrykseksa dk voyksdu djsaxsA blosQ
vfrfjDr bu izfrykseksa osQ oqQN izkjafHkd xq.k/eZ (Properties) ij
Hkh fopkj djsaxsA

izfrykse f=kdks.kferh; iQyu] dyu (Calculus) esa ,d egRoiw.kZ Hkwfedk fuHkkrs gSa] D;ksafd
mudh lgk;rk ls vusd lekdy (Integrals) ifjHkkf"kr gksrs gSaA izfrykse f=kdks.kferh; iQyuksa dh
ladYiuk dk iz;ksx foKku rFkk vfHk;kaf=kdh (Engineering) esa Hkh gksrk gSA
2.2  vk/kjHkwr ladYiuk,¡ (Basic Concepts)
d{kk XI, esa] ge f=kdks.kferh; iQyuksa dk vè;;u dj pqosQ gSa]  tks fuEufyf[kr izdkj ls ifjHkkf"kr gSa
sine iQyu] vFkkZr~]  sin : R  [– 1, 1]
cosine iQyu] vFkkZr~] cos : R  [– 1, 1]

vè;k; 2

Arya Bhatta
 (476-550 A. D.)

izfrykse f=kdks.kferh; iQyu
(Inverse Trigonometric Functions)
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tangent  iQyu] vFkkZr~]  tan : R – { x : x = (2n + 1) 
2


,n Z}  R

cotangent iQyu] vFkkZr~] cot : R – { x : x = n, n  Z}  R

secant iQyu] vFkkZr~, sec : R – { x : x = (2n + 1) 
2


,n Z}  R – (– 1, 1)

cosecant iQyu] vFkkZr~] cosec : R – { x : x = n,  n Z}  R – (– 1, 1)

ge vè;k; 1 esa ;g Hkh lh[k pqosQ gSa fd ;fn f : XY bl izdkj gS fd f (x) = y ,d
,oSQdh rFkk vkPNknd iQyu gks rks ge ,d vf}rh; iQyu g : YX bl izdkj ifjHkkf"kr dj
ldrs gSa fd g (y) = x, tgk¡ x  X  rFkk y = f (x), y  Y gSA ;gk¡ g dk izkar = f  dk ifjlj
vkSj g dk ifjlj = f   dk izkarA iQyu g dks iQyu f  dk izfrykse dgrs gSa vkSj bls f –1  }kjk
fu:fir djrs gSaA lkFk gh g Hkh ,oSQdh rFkk vkPNknd gksrk gS vkSj g  dk izfrykse iQyu f  gksrk
gSa vr% g–1 = (f –1)–1 = f  blosQ lkFk gh

(f –1 o f ) (x) = f –1 (f (x)) = f –1(y) = x
vkSj (f o f –1) (y) = f (f –1(y))  = f (x) = y

D;ksafd sine iQyu dk izkar okLrfod la[;kvksa dk leqPp; gS rFkk bldk ifjlj laor̀ varjky

[–1, 1] gSA ;fn ge blosQ izkar dks ,
2 2
  
  

 esa lhfer (izfrcaf/r) dj nsa] rks ;g ifjlj

[– 1, 1] okyk] ,d ,oSQdh rFkk vkPNknd iQyu gks tkrk gSA okLro esa] sine iQyu] varjkyksa
3 –,
2 2
   
  

, ,
2 2
  
  

, 3,
2 2
  
  

 bR;kfn esa] ls fdlh esa Hkh lhfer gksus ls] ifjlj [–1, 1]

okyk] ,d ,oSQdh rFkk vkPNknd iQyu gks tkrk gSA vr% ge buesa ls izR;sd varjky esa] sine
iQyu osQ izfrykse iQyu dks sin–1 (arc sine function) }kjk fu:fir djrs gSaA vr% sin–1 ,d

iQyu gS] ftldk izkar [– 1, 1] gS] vkSj ftldk ifjlj 3 ,
2 2
   
  

, ,
2 2
  
  

 ;k 3,
2 2
  
  

bR;kfn esa ls dksbZ Hkh varjky gks ldrk gSA bl izdkj osQ izR;sd varjky osQ laxr gesa iQyu

sin–1 dh ,d 'kk[kk (Branch) izkIr gksrh gSA og 'kk[kk] ftldk ifjlj ,
2 2
  
  

 gS] eq[; 'kk[kk

(eq[; eku 'kk[kk) dgykrh gS] tc fd ifjlj osQ :i esa vU; varjkyksa ls sin–1 dh fHkUu&fHkUu
'kk[kk,¡ feyrh gSaA tc ge iQyu sin–1  dk mYys[k djrs gSa] rc ge bls izkar [–1, 1] rFkk ifjlj

,
2 2
  
  

 okyk iQyu le>rs gSaA bls ge sin–1 : [–1, 1]  ,
2 2
  
  

 fy[krs gSaA
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izfrykse iQyu dh ifjHkk"kk }kjk] ;g fu"d"kZ fudyrk gS fd sin (sin–1 x) = x , ;fn

– 1  x 1 rFkk sin–1 (sin x) = x ;fn 
2 2

x 
    gSA nwljs 'kCnksa esa] ;fn y = sin–1 x gks rks

sin y = x gksrk gSA
fVIi.kh

(i) gesa vè;k; 1 ls Kkr gS fd] ;fn y = f (x) ,d O;qRØe.kh; iQyu gS] rks x = f –1 (y) gksrk
gSA vr% ewy iQyu sin osQ vkys[k esa x rFkk y v{kksa dk ijLij fofue; djosQ iQyu
sin–1 dk vkys[k izkIr fd;k tk ldrk gSA vFkkZr~] ;fn (a, b), sin iQyu osQ vkys[k dk
,d fcanq gS] rks (b, a), sin iQyu osQ izfrykse iQyu dk laxr fcanq gksrk gSA vr% iQyu

vkòQfr 2-1 (i)

vkoQ̀fr 2-1 (iii)vkoQ̀fr 2-1 (ii)
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y = sin–1 x dk vkys[k] iQyu  y = sin x osQ vkys[k esa x rFkk y v{kksa osQ ijLij fofue;
djosQ izkIr fd;k tk ldrk gSA iQyu y = sin x rFkk iQyu y = sin–1 x osQ vkys[kksa dks
vkoQ̀fr 2.1 (i), (ii), esa n'kkZ;k x;k gSA iQyu y = sin–1 x osQ vkys[k esa xgjk fpfÉr Hkkx
eq[; 'kk[kk dks fu:fir djrk gSA

(ii) ;g fn[kyk;k tk ldrk gS fd izfrykse iQyu dk vkys[k] js[kk y = x osQ ifjr% (Along)]
laxr ewy iQyu osQ vkys[k dks niZ.k izfrfcac (Mirror Image)] vFkkZr~ ijkorZu
(Reflection) osQ :i esa izkIr fd;k tk ldrk gSA bl ckr dh dYiuk] y = sin x rFkk
y = sin–1 x osQ mUgha v{kksa (Same axes) ij] izLrqr vkys[kksa ls dh tk ldrh gS
(vkoQ̀fr 2.1 (iii))A

sine iQyu osQ leku cosine iQyu Hkh ,d ,slk iQyu gS ftldk izkar okLrfod la[;kvksa
dk leqPp; gS vkSj ftldk ifjlj leqPp; [–1, 1] gSA ;fn ge cosine iQyu osQ izkar dks varjky
[0, ] esa lhfer dj nsa rks ;g ifjlj [–1, 1] okyk ,d ,oSQdh rFkk vkPNknd iQyu gks tkrk
gSA oLrqr%] cosine iQyu] varjkyksa [– , 0],  [0,], [, 2] bR;kfn esa ls fdlh esa Hkh lhfer
gksus ls] ifjlj [–1, 1] okyk ,d ,oSQdh vkPNknh (Bijective) iQyu gks tkrk gSA vr% ge bu
esa ls izR;sd varjky esa cosine iQyu osQ izfrykse dks ifjHkkf"kr dj ldrs gSaA ge cosine iQyu
osQ izfrykse iQyu dks cos–1 (arc cosine function) }kjk fu:fir djrs
gSaA vr% cos–1 ,d iQyu gS ftldk izkar [–1, 1] gS vkSj ifjlj [–, 0],
[0, ], [, 2]  bR;kfn esa ls dksbZ Hkh varjky gks ldrk gSA bl izdkj
osQ izR;sd varjky osQ laxr gesa iQyu cos–1  dh ,d 'kk[kk izkIr gksrh
gSA og 'kk[kk] ftldk ifjlj [0, ] gS] eq[; 'kk[kk (eq[; eku 'kk[kk)
dgykrh gS vkSj ge fy[krs gSa fd

cos–1 : [–1, 1]  [0, ]
y = cos–1 x }kjk iznÙk iQyu dk vkys[k mlh izdkj [khapk tk ldrk

gS tSlk fd y = sin–1 x osQ vkyss[k osQ ckjs esa o.kZu fd;k tk pqdk gSA
y = cos x rFkk y = cos–1 x osQ vkys[kksa dks vkoQ̀fr;ksa 2.2 (i) rFkk (ii)
esa fn[kyk;k x;k gSA

vkoQ̀fr 2-2 (ii)vkoQ̀fr  2-2 (i)
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vkb, vc ge cosec–1x rFkk sec–1x ij fopkj djsaA

D;ksafd cosec x = 
1

sin x
, blfy, cosec iQyu dk izkar leqPp; {x : x  R vkSj x  n,

n  Z} gS rFkk ifjlj leqPp; {y : y  R, y  1 vFkok y  –1}, vFkkZr~] leqPp;
R – (–1, 1) gSA bldk vFkZ gS fd y = cosec x, –1 < y < 1 dks NksM+ dj vU; lHkh okLrfod
ekuksa dks xzg.k djrk gS rFkk ;g osQ iw.kk±d (Integral) xq.ktksa osQ fy, ifjHkkf"kr ugha gSA ;fn

ge cosec iQyu osQ izkar dks varjky ,
2 2
    

– {0}, esa lhfer dj nsa] rks ;g ,d ,oSQdh rFkk
vkPNknd iQyu gksrk gS] ftldk ifjlj leqPp; R – (– 1, 1). gksrk gSA oLrqr% cosec iQyu]

varjkyksa 
3 , { }
2 2
       

, ,
2 2
  
  

 – {0}, 
3, { }

2 2
      

 bR;kfn esa ls fdlh esa Hkh

lhfer gksus ls ,oSQdh vkPNknh gksrk gS vkSj bldk ifjlj leqPp; R – (–1, 1) gksrk gSA bl izdkj
cosec–1 ,d ,sls iQyu osQ :i esa ifjHkkf"kr gks ldrk gS ftldk izkar R – (–1, 1) gS vkSj ifjlj

varjkyksa , {0}
2 2
     

,
3 , { }
2 2
       

, 3, { }
2 2
      

bR;kfn esa ls dksbZ Hkh ,d gks

ldrk gSA ifjlj , {0}
2 2
     

osQ laxr iQyu dks cosec–1  dh eq[; 'kk[kk dgrs gSaA bl izdkj

eq[; 'kk[kk fuEufyf[kr rjg ls O;Dr gksrh gS%

vkòQfr 2-3 (i) vkoQ̀fr 2-3 (ii)
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cosec–1  : R – (–1, 1)  , {0}
2 2
     

y = cosec x rFkk y = cosec–1 x osQ vkys[kksa dks vkoQ̀fr 2-3 (i), (ii) esa fn[kyk;k x;k gSA

blh rjg] sec x = 
1

cos x
, y = sec x dk izkar leqPp; R – {x : x = (2n + 1) 

2


, n  Z}

gS rFkk ifjlj leqPp; R – (–1, 1) gSA bldk vFkZ gS fd sec (secant) iQyu
–1 < y < 1 dks NksM+dj vU; lHkh okLrfod ekuksa dks xzg.k (Assumes) djrk gS vkSj ;g

2


 osQ fo"ke xq.ktksa osQ fy, ifjHkkf"kr ugha gSA ;fn ge secant  iQyu osQ izkar dks varjky

[0, ] – { 
2


}, esa lhfer dj nsa rks ;g ,d ,oSQdh rFkk vkPNknd iQyu gksrk gS ftldk ifjlj

leqPp; R – (–1, 1) gksrk gSA okLro esa secant iQyu varjkyksa [–, 0] – {
2


}, [0, ] –
2
   

 
,

[, 2] – { 3
2
 } bR;kfn esa ls fdlh esa Hkh lhfer gksus ls ,oSQdh vkPNknh gksrk gS vkSj bldk

ifjlj R–  (–1, 1) gksrk gSA vr% sec–1 ,d ,sls iQyu osQ :i esa ifjHkkf"kr gks ldrk gS

ftldk izkar (–1, 1) gks vkSj ftldk ifjlj varjkyksa [– , 0] – {
2


}, [0, ] – {
2


},

[, 2] – {
3
2


} bR;kfn esa ls dksbZ Hkh gks ldrk gSA buesa ls izR;sd varjky osQ laxr gesa iQyu

sec–1  dh fHkUu&fHkUu 'kk[kk,¡ izkIr gksrh gSaA og 'kk[kk ftldk ifjlj [0, ] – {
2


} gksrk gS]

iQyu sec–1 dh eq[; 'kk[kk dgykrh gSA bldks ge fuEufyf[kr izdkj ls O;Dr djrs gSa%

sec–1 : R – (–1,1)  [0, ] – {
2


}

y = sec x rFkk  y = sec–1 x osQ vkys[kksa dks vkoQ̀fr;ksa 2.4 (i), (ii) esa fn[kyk;k x;k gSA var
esa] vc ge tan–1 rFkk cot–1 ij fopkj djsaxsA

gesa Kkr gS fd] tan iQyu (tangent iQyu) dk izk ar leqPp;{x : x  R rFkk

x  (2n +1)
2


, n  Z} gS rFkk ifjlj R gSA bldk vFkZ gS fd tan iQyu 
2


 osQ fo"ke xq.ktksa
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osQ fy, ifjHkkf"kr ugha gSA ;fn ge tangent iQyu osQ izkar dks varjky ,
2 2
  

 
 

 esa lhfer dj

nsa] rks ;g ,d ,oSQdh rFkk vkPNknd iQyu gks tkrk gS ftldk ifjlj leqPp; R gksrk gSA okLro

esa] tangent iQyu] varjkyksa 3 ,
2 2
   

 
 

, ,
2 2
  

 
 

, 
3,

2 2
  

 
 

 bR;kfn esa ls fdlh esa Hkh

lhfer gksus ls ,oSQdh vkPNknh gksrk gS vkSj bldk ifjlj leqPp; R gksrk gSA vr,o tan–1 ,d

,sls iQyu osQ :i esa ifjHkkf"kr gks ldrk gS] ftldk iazkr R gks vkSj ifjlj varjkyksa 
3 ,
2 2
   

 
 

,

,
2 2
  

 
 

, 
3,

2 2
  

 
 

 bR;kfn esa ls dksbZ Hkh gks ldrk gSA bu varjkyksa }kjk iQyu tan–1 dh

fHkUu&fHkUu 'kk[kk,¡ feyrh gSaA og 'kk[kk] ftldk ifjlj ,
2 2
  

 
 

 gksrk gS] iQyu tan–1 dh

eq[; 'kk[kk dgykrh gSA bl izdkj

tan–1 : R  ,
2 2
  

 
 

vkoQ̀fr 2-4 (ii)vkòQfr 2-4 (i)



izfrykse f=kdks.kferh; iQyu        45

y = tan x rFkk y = tan–1x osQ vkys[kksa dks vkoQ̀fr;ksa 2.5 (i), (ii) esa fn[kyk;k x;k gSA
gesa Kkr gS fd cot iQyu (cotangent iQyu) dk izkar leqPp; {x : x  R rFkk x  n,

n  Z} gS rFkk ifjlj leqPp; R gSA bldk vFkZ gS fd cotangent iQyu] osQ iw.kk±dh; xq.ktksa

vkòQfr 2-6 (i) vkoQ̀fr 2-6 (ii)

vkòQfr 2-5 (i) vkoQ̀fr 2-5 (ii)
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osQ fy, ifjHkkf"kr ugha gSA ;fn ge cotangent  iQyu osQ izkar dks varjky (0, ) esa lhfer dj
nsa rks ;g ifjlj R okyk ,d ,oSQdh vkPNknh iQyu gksrk gSA oLrqr% cotangent iQyu varjkyksa
(–, 0), (0, ), (, 2) bR;kfn esa ls fdlh esa Hkh lhfer gksus ls ,oSQdh vkPNknh gksrk gS vkSj
bldk ifjlj leqPp; R gksrk gSA okLro esa cot –1 ,d ,sls iQyu osQ :i esa ifjHkkf"kr gks ldrk
gS] ftldk izkar R gks vkSj ifjlj] varjkyksa (–, 0), (0, ), (, 2) bR;kfn esa ls dksbZ Hkh gksA bu
varjkyksa ls iQyu cot –1  dh fHkUu&fHkUu 'kk[kk,¡ izkIr gksrh gSaA og 'kk[kk] ftldk ifjlj (0, )
gksrk gS] iQyu cot –1 dh eq[; 'kk[kk dgykrh gSA bl izdkj

cot–1 : R  (0, )
y = cot x rFkk y = cot–1x osQ vkys[kksa dks vkoQ̀fr;ksa 2.6 (i), (ii) esa iznf'kZr fd;k x;k gSA
fuEufyf[kr lkj.kh esa izfrykse f=kdks.kferh; iQyuksa (eq[; ekuh; 'kk[kkvksa) dks muosQ izkarksa

rFkk ifjljksa osQ lkFk izLrqr fd;k x;k gSA

sin–1 : [–1, 1]  ,
2 2
    

cos–1 : [–1, 1]  [0, ]

cosec–1 : R – (–1,1)  ,
2 2
    

– {0}

sec–1 : R – (–1, 1)  [0, ] – { }
2


tan–1 : R  ,
2 2
  

 
 

cot–1 : R  (0, )

fVIi.kh

1. sin–1x ls (sin x)–1  dh Hkzkafr ugha gksuh pkfg,A okLro esa (sin x)–1 = 
1

sin x
 vkSj ;g rF;

vU; f=kdks.kferh; iQyuksa osQ fy, Hkh lR; gksrk gSA
2. tc dHkh izfrykse f=kdks.kferh; iQyuksa dh fdlh 'kk[kk fo'ks"k dk mYys[k u gks] rks gekjk

rkRi;Z ml iQyu dh eq[; 'kk[kk ls gksrk gSA
3. fdlh izfrykse f=kdks.kferh; iQyu dk og eku] tks mldh eq[; 'kk[kk esa fLFkr gksrk gS]

izfrykse f=kdks.kferh; iQyu dk eq[; eku (Principal value) dgykrk gSA
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vc ge oqQN mnkgj.kksa ij fopkj djsaxs%

mnkgj.k 1 sin–1 
1
2

 
 
 

 dk eq[; eku Kkr dhft,A

gy  eku yhft, fd sin–1 
1
2

 
 
 

= y. vr% sin y = 
1
2

.

gesa Kkr gS fd sin–1 dh eq[; 'kk[kk dk ifjlj 
  

  
–

,
2 2  gksrk gS vkSj sin

4
 

 
 

= 
1
2 gSA

blfy, sin–1 
1
2

 
 
 

 dk eq[; eku 
4


 gSA

mnkgj.k  2  cot–1 1
3
 

 
 

dk eq[; eku Kkr dhft,A

gy eku yhft, fd cot–1 
1
3
 

 
 

 = y . vr,o

1cot cot
33

y       
 

 = cot
3
   

 
 = 

2cot
3
 

 
 

gSA

gesa Kkr gS fd cot–1 dh eq[; 'kk[kk dk ifjlj (0, ) gksrk gS vkSj cot 
2
3
 

 
 

= 
1
3
 gSA vr%

cot–1 
1
3
 

 
 

 dk eq[; eku  
2
3


 gSA

iz'ukoyh 2-1
fuEufyf[kr osQ eq[; ekuksa dks Kkr dhft,%

1. sin–1 
1
2

  
 

2. cos–1 
3

2
 
  
 

3. cosec–1 (2)

4. tan–1 ( 3) 5. cos–1 
1
2

  
 

6. tan–1 (–1)
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7. sec–1 
2
3

 
 
 

8. cot–1 ( 3) 9. cos–1 
1
2

  
 

10. cosec–1 ( 2 )
fuEufyf[kr osQ eku Kkr dhft,%

11. tan–1(1) + cos–1 
1
2

  
 

 + sin–1 
1
2

  
 

12. cos–1
1
2

 
 
 

 + 2 sin–1 
1
2

 
 
 

13. ;fn sin–1 x = y, rks

(A) 0  y  (B)
2 2

y 
  

(C) 0 <  y <  (D)
2 2

y 
  

14. tan–1  13 sec 2   dk eku cjkcj gS

(A)  (B)
3


 (C)
3


(D) 2
3


2.3   izfrykse f=kdks.kferh; iQyuksa osQ xq.k/eZ (Properties of Inverse Trigonometric
Functions)
bl vuqPNsn esa ge izfrykse f=kdks.kferh; iQyuksa osQ oqQN xq.k/eks± dks fl¼ djsaxsA ;gk¡ ;g mYys[k
dj nsuk pkfg, fd ;s ifj.kke] laxr izfrykse f=kdks.kferh; iQyuksa dh eq[; 'kk[kkvksa osQ varxZr
gh oS/ (Valid) gS] tgk¡ dgha os ifjHkkf"kr gSaA oqQN ifj.kke] izfrykse f=kdks.kferh; iQyuksa osQ izkarksa
osQ lHkh ekuksa osQ fy, oS/ ugha Hkh gks ldrs gSaA oLrqr% ;s mu oqQN ekuksa osQ fy, gh oS/ gksaxs]
ftuosQ fy, izfrykse f=kdks.kferh; iQyu ifjHkkf"kr gksrs gSaA ge izkar osQ bu ekuksa osQ foLr̀r fooj.k
(Details) ij fopkj ugha djsaxs D;ksafd ,slh ifjppkZ (Discussion) bl ikB~; iqLrd osQ {ks=k ls
ijs gSA

Lej.k dhft, fd] ;fn y = sin–1x gks rks x = sin y rFkk ;fn x = sin y gks rks y = sin–1x
gksrk gSA ;g bl ckr osQ lerqY; (Equivalent) gS fd

sin (sin–1 x) = x, x  [– 1, 1] rFkk sin–1 (sin x) = x, x  ,
2 2
    

vU; ik¡p izfrykse f=kdks.kferh; iQyuksa osQ fy, Hkh ;gh lR; gksrk gSA vc ge izfrykse
f=kdks.kferh; iQyuksa osQ oqQN xq.k/eks± dks fl¼ djsaxsA
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1. (i) sin–1 
1

x
= cosec–1 x, x  1 ;k  x  – 1

(ii) cos–1 
1

x
 = sec–1x, x  1 ;k  x  – 1

(iii) tan–1 
1

x
= cot–1 x, x > 0

igys ifj.kke dks fl¼ djus osQ fy, ge  cosec–1 x = y eku ysrs gSa] vFkkZr~
x = cosec y

vr,o 1
x

 = sin y

vr% sin–1 
1
x

= y

;k sin–1 
1
x

 = cosec–1 x

blh izdkj ge 'ks"k nks Hkkxksa dks fl¼ dj ldrs gSaA
2. (i) sin–1 (–x) = – sin–1 x, x  [– 1, 1]

(ii) tan–1 (–x) = – tan–1 x, x  R
(iii) cosec–1 (–x) = – cosec–1 x, | x |  1

eku yhft, fd sin–1 (–x) = y, vFkkZr~ –x = sin y blfy, x = – sin y, vFkkZr~
x = sin (–y).
vr% sin–1 x = – y = – sin–1 (–x)

bl izdkj sin–1 (–x) = – sin–1x

blh izdkj ge 'ks"k nks Hkkxksa dks fl¼ dj ldrs gSaA
3. (i) cos–1 (–x) =  – cos–1 x, x  [– 1, 1]

(ii) sec–1 (–x) =  – sec–1 x, | x |  1
(iii) cot–1 (–x) =  – cot–1 x, x  R
eku yhft, fd cos–1 (–x) = y  vFkkZr~  – x = cos y blfy,  x = – cos y = cos ( – y)

vr,o cos–1 x =  – y =  – cos–1 (–x)

vr% cos–1 (–x) =  – cos–1 x
blh izdkj ge vU; Hkkxksa dks Hkh fl¼ dj ldrs gSaA



50        xf.kr

4. (i) sin–1 x + cos–1 x = 
2


, x  [– 1, 1]

(ii) tan–1 x + cot–1 x = 
2


, x  R

(iii) cosec–1 x + sec–1 x = 
2


, | x |  1

eku yhft, fd sin–1 x = y, rks x = sin y = cos 2
y  

 

blfy, cos–1 x =  
2

y
  =  –1sin

2
x



vr% sin–1 x + cos–1 x = 
2


blh izdkj ge vU; Hkkxksa dks Hkh fl¼ dj ldrs gSaA

5. (i) tan–1x + tan–1 y = tan–1 +
1
x y
– xy

, xy < 1

(ii) tan–1x – tan–1 y = tan–1 
1
x – y
+ xy

, xy > – 1

(iii) tan–1x + tan–1 y =  + tan–1  
 
 1

x + y
– xy

, x y > 1, x  > 0, y > 0

eku yhft, fd tan–1 x =  rFkk tan–1 y =  rks x = tan  rFkk y = tan 

vc
tan tantan( )

1 tan tan 1
x y

xy
  

   
   

vr%  +  = tan–1
1
x y

xy



vr% tan–1 x + tan–1 y = tan–1 1
x y

xy



mi;qZDr ifj.kke esa ;fn  y dks – y  }kjk izfrLFkkfir (Replace) djsa rks gesa nwljk ifj.kke izkIr
gksrk gS vkSj y dks x }kjk izfrLFkkfir djus ls rhljk ifj.kke izkIr gksrk gSA
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6. (i) 2tan–1 x = sin–1 2
2

1
x

+ x
, | x |  1

(ii) 2tan–1 x = cos–1 
2

2
1
1

– x
+ x

, x  0

       (iii) 2tan–1 x = tan–1 2
2

1
x

– x
, – 1 x < 1

eku yhft, fd  tan–1 x = y, rks x = tan y

vc sin–1 2
2

1
x
x

 = sin–1 2
2 tan

1 tan
y

y

= sin–1 (sin 2 y) = 2 y = 2 tan–1 x

blh izdkj cos–1 
2

2
1
1

x
x




 = cos–1 
2

2
1 tan
1 tan

y
y


  = cos–1 (cos 2y) = 2y = 2tan–1 x

vc ge oqQN mnkgj.kksa ij fopkj djsaxsA
mnkgj.k 3 n'kkZb, fd

(i) sin–1  22 1x x  = 2 sin–1 x, 
1 1
2 2

x  

(ii) sin–1  22 1x x  = 2 cos–1 x, 
1 1
2

x 

gy
(i) eku yhft, fd x = sin  rks sin–1 x =  bl izdkj

sin–1  22 1x x  = sin–1  22sin 1 sin  

= sin–1 (2sin cos) = sin–1 (sin2) = 2
= 2 sin–1 x

(ii) eku yhft, fd x = cos  rks mi;qZDr fof/ osQ iz;ksx }kjk gesa
sin–1  22 1x x =  2 cos–1 x izkIr gksrk gSA

mnkgj.k 4 fl¼ dhft, fd  tan–1 –1 –11 2 3tan tan
2 11 4
 
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gy  xq.k/eZ 5 (i), }kjk

ck;k¡ i{k  = –1 –11 2tan tan
2 11
 –1 1

1 2
152 11tan tan1 2 201

2 11




 
 

 = 1 3tan
4

 = nk;k¡ i{k

mnkgj.k 5 1 costan
1 sin

x
x

  
  

, 3
2 2

  
  x  dks ljyre :i esa O;Dr dhft,A

gy  ge fy[k ldrs gSa fd

2 2

1 –1

2 2

cos sincos 2 2tan tan
1 sin cos sin 2sin cos

2 2 2 2

x x
x

x x x xx


           
 

= –1

2

cos sin cos sin
2 2 2 2tan

cos sin
2 2

x x x x

x x

          
      

= –1
cos sin

2 2tan
cos sin

2 2

x x

x x

  
 
 
 

 –1
1 tan

2tan
1 tan

2

x

x

  
  

 
 

= –1tan tan
4 2 4 2

x x         

fodYir%

–1 –1 –1

2sin sin
cos 2 2tan tan tan

21 sin 1 cos 1 cos
2 2

xx
x

xx x

                                                  
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=
–1

2

2 22sin cos
4 4tan

22sin
4

x x

x

       
        

   
    

= –1 2tan cot
4

x   
    

 
–1 2tan tan

2 4
x         

= –1tan tan
4 2

x      
 

4 2
x

 

mnkgj.k 6 –1
2

1cot
1x

 
 

 
, x  > 1 dks ljyre :i esa fyf[k,A

gy eku yhft, fd x = sec , then 2 1x  = 2sec 1 tan   

blfy, –1
2

1cot
1x 

 = cot–1 (cot ) =  = sec–1 x tks vHkh"V ljyre :i gSA

mnkgj.k 7 fl¼ dhft, fd tan–1 x + –1
2

2tan
1

x
x

= tan–1 
3

2
3
1 3

x x
x

 
 

 
, 1| |

3
x 

gy  eku yhft, fd x = tan . rks   = tan–1 x gSA vc

nk;k¡ i{k =
3 3

–1 –1
2 2

3 3 tan tantan tan
1 3 1 3 tan

x x
x

     
   

     

= tan–1 (tan3) = 3 = 3tan–1 x = tan–1 x + 2 tan–1 x

= tan–1 x + tan–1  2
2

1
x
x

  = ck;k¡ i{k (D;ksa?)

mnkgj.k 8 cos (sec–1 x + cosec–1 x), | x |  1 dk eku Kkr dhft,A

gy  ;gk¡ ij cos (sec–1 x + cosec–1 x) = cos 
2
 

 
 

= 0
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iz'ukoyh 2-2

fuEufyf[kr dks fl¼ dhft,%

1. 3sin–1 x = sin–1 (3x – 4x3), 
1 1– ,
2 2

x    

2. 3cos–1 x = cos–1 (4x3 – 3x), 1 , 1
2

x     

3. tan–1 1 12 7 1tan tan
11 24 2

  

4. 1 1 11 1 312 tan tan tan
2 7 17

   

fuEufyf[kr iQyuksa dks ljyre :i esa fyf[k,%

5.
2

1 1 1tan x
x

   , x  0 6.
1

2

1tan
1x




, |x | > 1

7. 1 1 costan
1 cos

x
x

  
   

, 0 < x < 8. 1 cos sintan
cos sin

x x
x x

  
  

, 
3

4 4
x

 
 

9. 1
2 2

tan x

a x



, |x | < a

10.
2 3

1
3 2

3tan
3

a x x
a ax

  
 

 
, a > 0; 3 3


 

a ax

fuEufyf[kr esa ls izR;sd dk eku Kkr dhft,%

11.
–1 –1 1tan 2cos 2sin

2
  

    
12. cot (tan–1a + cot–1a)

13.
2

–1 –1
2 2

1 2 1tan sin cos
2 1 1

x y
x y

 
 

  
, | x | < 1, y > 0 rFkk xy < 1
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14. ;fn  sin 
–1 –11sin cos 1

5
    

x , rks x dk eku Kkr dhft,A

15. ;fn –1 –11 1tan tan
2 2 4

x x
x x
  

 
 

, rks x dk eku Kkr dhft,A

iz'u la[;k 16 ls 18 esa fn, izR;sd O;atd dk eku Kkr dhft,%

16. –1 2sin sin
3
 

 
 

17. –1 3tan tan
4
 

 
 

18.
–1 –13 3tan sin cot

5 2
  
 

19. 1 7cos cos
6

  
   dk eku cjkcj gS

(A)
7
6


(B)
5
6


(C)
3


(D)
6


20. 1 1sin sin ( )
3 2

   
 

 dk eku gS

(A)
1
2
gS (B)

1
3

 gS (C)
1
4

 gS (D) 1

21. 1 1tan 3 cot ( 3)    dk eku

(A) gS (B)
2


 gS (C) 0 gS (D) 2 3

fofo/ mnkgj.k

mnkgj.k 9 1 3sin (sin )
5

  dk eku Kkr dhft,A

gy  gesa Kkr gS fd 1sin (sin )x x   gksrk gSA blfy, 1 3 3sin (sin )
5 5

  


fdarq 3 ,
5 2 2
      

, tks sin–1 x dh eq[; 'kk[kk gSA
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rFkkfi 3 3sin ( ) sin( )
5 5
 

    =
2sin
5


 rFkk 2 ,
5 2 2
      

vr% 1 3sin (sin )
5

 
 = 1 2 2sin (sin )

5 5
  



mnkgj.k 10 n'kkZb, fd 1 1 13 8 84sin sin cos
5 17 85

   

gy eku yhft, fd 1 3sin
5

  = x  vkSj  1 8sin
17

y 

blfy, sin x =
3
5

 rFkk 8sin
17

y 

vc cos x = 2 9 41 sin 1
25 5

x    (D;ksa?)

vkSj cos y = 2 64 151 sin 1
289 17

y   

bl izdkj cos (x – y) = cos x cos y + sin x sin y

=
4 15 3 8 84
5 17 5 17 85
   

blfy, x – y = 1 84cos
85

  
  

vr% 1 13 8sin sin
5 17

   = 1 84cos
85



mnkgj.k 11 n'kkZb, fd 1 1 112 4 63sin cos tan
13 5 16

    

gy  eku yhft, fd  1 1 112 4 63sin , cos , tan
13 5 16

x y z    

bl izdkj 12sin , cos
13

x y  =
4 63, tan
5 16

z 

blfy, 5cos , sin
13

x y  =
3 12 3, tan tan
5 5 4

x y vkSj
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vc
tan tantan( )

1 tan tan
x yx y

x y


 
  

12 3
635 4

12 3 161
5 4


  

 

vr% tan( ) tanx y z  

vFkkZr~ tan (x + y) = tan (–z) ;k tan (x + y) = tan ( – z)

blfy, x + y = – z  or  x + y =  – z

D;ksafd x, y rFkk z /ukRed gSa] blfy, x + y –z  (D;ksa?)

vr% x + y + z =  ;k –1 –1 –112 4 63sin cos tan
13 5 16

  

mnkgj.k  12 –1 cos sintan
cos sin

a x b x
b x a x
 
  

 dks ljy dhft,] ;fn a
b

 tan x > –1

gy  ;gk¡

–1 cos sintan
cos sin

a x b x
b x a x
 
  

 = –1

cos sin
costan cos sin
cos

a x b x
b x

b x a x
b x

 
 
  
 

 = –1
tan

tan
1 tan

a x
b

a x
b

  
 
 
 

= –1 –1tan tan (tan )a x
b
 = –1tan a x

b


mnkgj.k 13 tan–1 2x + tan–1 3x = 
4


 dks ljy dhft,A

gy ;gk¡ fn;k x;k gS fd tan–1 2x + tan–1 3x = 
4


;k –1 2 3tan
1 2 3

x x
x x

 
   

 =
4


;k –1
2

5tan
1 6

x
x

 
  

 =
4

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blfy, 2
5

1 6
x
x

 = tan 1
4



;k 6x2 + 5x – 1 = 0 vFkkZr~  (6x – 1) (x + 1) = 0

ftlls izkIr gksrk gS fd] x =
1
6

 ;k x = – 1

D;ksafd x = – 1, iznÙk lehdj.k dks larq"V ugha djrk gS] D;ksafd x = – 1  ls lehdj.k dk

ck;k¡ i{k ½.k gks tkrk gSA vr% iznÙk lehdj.k dk gy osQoy 1
6

x   gSA

vè;k; 2 ij fofo/ iz'ukoyh
fuEufyf[kr osQ eku Kkr dhft,%

1.
–1 13cos cos

6
 

 
 

2.
–1 7tan tan

6
 

 
 

fl¼ dhft,

3. –1 –13 242sin tan
5 7
 4. –1 –1 –18 3 77sin sin tan

17 5 36
 

5. –1 –1 –14 12 33cos cos cos
5 13 65
  6. –1 –1 –112 3 56cos sin sin

13 5 65
 

7. –1 –1 –163 5 3tan sin cos
16 13 5

 

8. –1 1 1 11 1 1 1tan tan tan tan
5 7 3 8 4

   
   

fl¼ dhft,%

9.
–1 –11 1tan cos

2 1
    

xx
x , x  [0, 1]

10.
–1 1 sin 1 sincot

21 sin 1 sin

   
    

x x x
x x , 0,

4
x   

 

11.
–1 –11 1 1tan cos

4 21 1

    
     

x x x
x x , 

1 1
2

x    [laosQr: x = cos 2jf[k,]
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12. 1 19 9 1 9 2 2sin sin
8 4 3 4 3

 
 

fuEufyf[kr lehdj.kksa dks ljy dhft,%

13. 2tan–1 (cos x) = tan–1 (2 cosec x) 14. –1 –11 1tan tan ,( 0)
1 2

x x x
x


 


15. sin (tan–1 x), | x | < 1 cjkcj gksrk gS%

(A)
21

x

x
(B) 2

1

1 x
(C)

2

1

1 x
(D) 21

x

x

16. ;fn sin–1 (1 – x) – 2 sin–1 x = 
2


, rks x dk eku cjkcj gS%

(A) 0, 
1
2

(B) 1, 
1
2

(C) 0 (D)
1
2

17.
1 1tan tanx x y

y x y
       

 dk eku gS%

(A)
2
 gSA (B)

3
 gSA (C)

4
 gSA (D)

3
4

 

lkjka'k
 izfrykse f=kdks.kferh; iQyuksa (eq[; 'kk[kk) osQ izkar rFkk ifjlj fuEufyf[kr lkj.kh esa

of.kZr gSa%
iQyu izkar ifjlj

(eq[; 'kk[kk)

y = sin–1 x [–1, 1] ,
2 2
  
  

y = cos–1 x [–1, 1]  [0, ]

y = cosec–1 x R – (–1,1) ,
2 2
  
  

– {0}

y = sec–1 x R – (–1, 1) [0, ] – { }
2

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y = tan–1 x R ,
2 2
   

 
y = cot–1 x R (0, )

 sin–1x ls (sin x)–1  dh HkzkfUr ugha gksuh pkfg,A okLro esa (sin x)–1 = 
1

sin x
 vkSj blh

izdkj ;g rF; vU; f=kdks.kferh; iQyuksa osQ fy, lR; gksrk gSA
 fdlh izfrykse f=kdks.kferh; iQyu dk og eku] tks mldh eq[; 'kk[kk esa fLFkr gksrk

gS] izfrykse f=kdks.kferh; iQyu dk eq[; eku (Principal Value) dgykrk gSA
mi;qDr izkarksa osQ fy,
 y = sin–1 x  x = sin y  x = sin y   y = sin–1 x

 sin (sin–1 x) = x  sin–1 (sin x) = x

 sin–1 
1
x = cosec–1 x  cos–1 (–x) =  – cos–1 x

 cos–1 
1
x  = sec–1x  cot–1 (–x) =  – cot–1 x

 tan–1 
1
x = cot–1 x  sec–1 (–x) =  – sec–1 x

 sin–1 (–x) = – sin–1 x  tan–1 (–x) = – tan–1 x

 tan–1 x + cot–1 x = 
2


 cosec–1 (–x) = – cosec–1 x

 sin–1 x + cos–1 x = 
2


 cosec–1 x + sec–1 x = 
2


 tan–1x + tan–1y = tan–1 
1
x y

xy



, xy < 1  2tan–1x  =  tan–1 2

21
x
x

 |x | < 1

 tan–1x + tan–1y =  + tan–1 
1
x y

xy



, xy > 1, x > 0, y > 0

 tan–1x – tan–1y = tan–1 
1
x y

xy



, xy > –1

 2tan–1 x = sin–1 2

2
1

x
x

= cos–1 
2

2

1
1

x
x




, 0  x  1
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——

,sfrgkfld i`"BHkwfe
,slk fo'okl fd;k tkrk gS fd f=kdks.kferh dk vè;;u loZizFke Hkkjr esa vkjaHk gqvk

FkkA vk;ZHkV ð (476 bZ-)] czãxqIr (598 bZ-) HkkLdj izFke (600 bZ-) rFkk HkkLdj f}rh;
(1114 bZ-)us izeq[k ifj.kkeksa dks izkIr fd;k FkkA ;g laiw.kZ Kku Hkkjr ls eè;iwoZ vkSj iqu%
ogk¡ ls ;wjksi x;kA ;wukfu;ksa us Hkh f=kdks.kfefr dk vè;;u vkjaHk fd;k ijarq mudh dk;Z
fof/ bruh vuqi;qDr Fkh] fd Hkkjrh; fof/ osQ Kkr gks tkus ij ;g laiw.kZ fo'o }kjk viukbZ
xbZA

Hkkjr esa vk/qfud f=kdks.kferh; iQyu tSls fdlh dks.k dh T;k (sine) vkSj iQyu
osQ ifjp; dk iwoZ fooj.k fl¼kar (laLoQ̀r Hkk"kk esa fy[kk x;k T;ksfr"kh; dk;Z) esa fn;k
x;k gS ftldk ;ksxnku xf.kr osQ bfrgkl esa izeq[k gSA

HkkLdj izFke (600 bZ-) us  90ls vf/d] dks.kksa osQ sine osQ eku osQ y, lw=k fn;k
FkkA lksygoha 'krkCnh dk ey;kye Hkk"kk esa sin (A + B) osQ izlkj dh ,d miifÙk gSA 18,
36, 54, 72, vkfn osQ sine rFkk cosine osQ fo'kq¼ eku HkkLdj f}rh; }kjk fn, x, gSaA

sin–1 x, cos–1 x, vkfn dks pki sin x, pki cos x, vkfn osQ LFkku ij iz;ksx djus dk
lq>ko T;ksfr"kfon Sir John F.W. Hersehel (1813 bZ-) }kjk fn, x, FksA Å¡pkbZ vkSj nwjh
lacaf/r iz'uksa osQ lkFk Thales (600 bZ- iwoZ) dk uke vifjgk;Z :i ls tqM+k gqvk gSA mUgsa
feJ osQ egku fijkfeM dh Å¡pkbZ osQ ekiu dk Js; izkIr gSA blosQ fy, mUgksaus ,d Kkr
Å¡pkbZ osQ lgk;d naM rFkk fijkfeM dh ijNkb;ksa dks ukidj muosQ vuqikrksa dh rqyuk dk
iz;ksx fd;k FkkA ;s vuqikr gSa

H
S

h
s

  = tan (lw;Z dk mUurka'k)

Thales dks leqnzh tgk”k dh nwjh dh x.kuk djus dk Hkh Js; fn;k tkrk gSA blosQ
fy, mUgksaus le:i f=kHkqtksa osQ vuqikr dk iz;ksx fd;k FkkA Å¡pkbZ vkSj nwjh lac/h iz'uksa dk
gy le:i f=kHkqtksa dh lgk;rk ls izkphu Hkkjrh; dk;ks± esa feyrs gSaA


