Differential Equations

¢ He who seeks for methods without having a definite problem in mind
seeks for the most part in vain — D. HILBERT %

9.1 AT (Introduction )
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9.2 MYNYA Heheu=Td (Basic Concepts)
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9.2.1 37akcT THIHIUT FT HITE (Order of a differential equation)
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=T F I=adH HIfE o ITTHRAS HI Hife N IRAG Bt 2

frafafea sewa THisot ® faar s

dy _ .

—=¢

- .. (6)
d2y

L +y=0 . (7)
&y o (dyY

ﬁ#—x (Wj =0 (8)

THET (6), (7) T (8) H HHM: YoM, Tt wd JdAF Hife o I=aqy Adsherst
Iufterd © THfAT 57 HHiRON 1 Sife HAY: 1, 2 TE 3 2

9.2.2 HaHA GHIHIUT &t T (Degree of a differential equation)
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2.\? 2
4. (d_g’j +cos(d—yj=0 5. d—f=c0s3x+sin3x
dx dx dx
6. "+ P HONHY =0 7.2+ =0
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9.3. 3TAhcl WHIHIUT T HMUek TS TAPTE & (General and Particular
Solutions of a Differential Equation)
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SEENUT 3 Ffud ifT fF ®eM y =g cos x + b sin x, 9" g, b € R, /@HA
d2
gt L2y = 0wt v R
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y=acosx+bsinx .. (1)
GHieRTor (1) o S 9&l 1 x, & HOY IO TR FE W BH @A o
dy )
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y 1+x S ST

5. y=Ax : xy'=yx=#0)
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9. x +y=tanly DYy Y +1=0
dy
10. y= a2_x2xe(—a,a):x+ya=0(y¢0)
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9.4, T9U U Uk & ATH 3Tkl WHIGHIUT T {Hi0T (Formation of a

Differential Equation whose Solution is Given)
T WA ® fop wefiehto
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AT HH R IE G0 Y1 feman S 71 sverfq
dy dy
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TE Idhel FHIHT, THIHTOT (3) N Tefd Hohsl gl o el ol Fefud i 2l
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y=x (m=1, ¢c=0)

y=3x (m=13, c=0)

y=x+1 (m=1, c=1)

y=-x (m=-1, ¢c=0)
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9.4.1 13U gT Tl &F FT Wl [THIUT FA T THET THIFIUT & (10T T
Gfehar (Procedure to form a Differential Equation that will represent a given
Family of curves)
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F (x,y,a)=0 .. (1)
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STRM:, WA )2 = ax B FdA fx, y, a) 1 )* = ax o &Y ATl THHT §RI
frefia fopen <1 ke 21
THRTOT (1) T x o GTUe STFThHeH HH W Y ), y, x, T ¢ i Gimfed w
STeT Wk HHiR Frefafad &9 § w2 v

gx»y,a)=0 - (2)
FHROT (1) T (2) ¥ o & foqg@ & W TH AORTF Tahed THIH
frefefed w9 o e g

F(x,»)=0 .. 3

(b) AR KT T ol &1 FAF, T=@l o, 7o bR F1R 2 & @ 30 Fr=farfan &0

At THieRoT gR1 Frefua feran St 2

F,(x,y,a,b)=0 .. (4
HHIHTOT (4) HTx o WU 3The & W EH )/, x, y, a, bl HATAT H Gl
T TR frefafed &9 9 g g e

gx,y,y,a,b)=0 .. (5)

WY < FHHON H TR W & el shi T he e e € gafay g
Teh AR G0 1 SETTRdl 1 T8 THIR0T, GHHT (5) T x o HOE
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SETETUT 5 S5kl o el y=asin (x + b), H 4, b @3 3R €, &1 Fefd w6 9
TIheT HHIHIUT ! AT HifST|

ol fean gen @ 9 y=asin (x + b) (D
THRTT (1) o SH &l 1 x o HUE ITT STaFhed HE W FH W L o

?zacos(x+b) . (2)

X

d2

F =—asin (x+b) .. (3)
TR (1), (2) @1 (3) W oA b h! faqed T W &0 T Hd 2|

dZ
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SETET0T 6 UW rHgdl o Fdt ol FEId w3 aTel sTashal GHIshIul F1d e fSmeht
T x-2181 W € qen feeh ohw gt fag ©

T ®9 WM © T wiua e o e 1 Gl fEfafEd ¥R T B
(3Rt 9.3 3fEm) Y

2
XY
2

+>=1 .. (1)
(1) 1 x ' HTue wEH X %_j// X

a> b’ d
YI
y(dy)_-b
SR ;(aj=7 .. (2) 3R 9.3

GHieRTOT (2) o ST UEl 1 x o T STedhe S W e Urd Bl o

L
(Zj(aﬂy}r ax Ty
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x/)\dx X dx
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A0 Xy —5+x —y—=0
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TEEA0T 7 x-3F h] T fo9g R T T el o[ & Fed p
T STEehel THIHIT 1T TS

Tl M ST, x-378 i 7o foIg | T 3 aret gal
& &l ® C Y Ffde fman S 21 (0, 0) SS9 A &
et T o % fog o s € (emepfa 9.4 3fEm) |
THT el C 1 THH 2

X" > X
X+ y-a)l=a JAYAN x*+)?=2ay .. (D)
e o T Sow ST 7| GHieR (1) o FT el
T x o TN TTHET FHE W YT FE B Y’
p J 3TTeRfd 9.4
2x+2y—y=2a—y
dx dx
dy dy
aqeqan X+y—=a—
ydx dx
x+yd—y
a= dx
dx

ey
x2+y2:2y dx
dy
dx
YAl d—y(x2+y2)=2xy+2y2ﬂ
dx dx
d 2
Sk 2 2xy2
dx x"—y

7g U U gl o bt 1 37efiee 3fehet IR B

IEET0T 8 UH ATl o el i EMIA HI AT STohal THIHIU A it TR
i 7o fog W qen ST el oA x-3781 1 fen H 2

T WM ofifee fr Swe =fda Waerdl o a &1 P A s e s @ ik
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(Rt 9.5 3fEw) | TEfeTy pet P o1 TR B: Y
V= dax .. (D)
THIFHTOT (1) o A YT H1x oh @Y AIFHT
FHH T EH UM B: F
d ¥ (@) &
2y—i=4a - (2) :
THIHT (2) W 4q T AF GHHT (1) § WH W)
%'qfl'lﬁ% ];'
2 d_y ail?i?"l 9.5
y —(2y dx) (x)
2 dy
g Y —2xy—=0 . (3)
dx

TR (3) XU g el o el 1 Sfeshel THIHIT B

| goTEreRt 9.3 |

1 95 T Y% U H, W3 3T ¢ AN b &l faqw & gU U g« ookl &
! Fefud 3 aren STaeel THIHIT J1d hifeg|

1.

N SN B

10.

11.

AR 2. ¥=a (b - x> 3.y=ae*+be®
a b ) )

y=e* (a+ bx) 5. y=e¢"(acos x + b sin x)

y-3181 Tl A o5 W Ta9l T a1t Jal o Hel 1 STehal HHIHUT A BT
T WAl o el 1 Aeshel WHIRT ffHa iy foent o et fag w @
3R TSRt 3187 UFTcHeR 3781 1 fem )

Y el o hel 1 STehel HIHIU 1 HiTSC Fant T p-s1e1 W & qon
SRt % gt g 21

. U Al oF el 1 STeshel GHIHTU 1 ShifT feent TRl x-ote1 W F

Jen fomen o qa foig 21

U Il o el hl STeIhel G A1 H T TR s p-3181 R 7 3R e

5= 3 T 2

frfefaa sToshe Tt | § fohd THieton 1 = 86 y=c e +c, e 87
2 2 2 2

d’y d’y d’y d’y
A) ——+y=0 (B) —=-y=0 (C) —=+1=0 (D) —=-1=0
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12. Trefofea aften & 9 forg g & T fafme gd y=xe?

d’y  dy d’y _dy
(A) dx* * dx =y (B) dx? * dx =y
d’y L, dy d’y dy
——x = +xy=0 —+x—+xy=0
© dx* * dx v (D) dx? * dx Y

9.5. YUYW HITE Td WAW UTd ok 3Tahel THIHIUT hl TA hid okl Tafemr
(Methods of Solving First order, First Degree Differential Equations)

39 uf=s] | oW UM HIfE TS YW W o STahd WHIRLUN i T F I dH
faferal =6t ==t )

9.5.1 gezaamﬁ'q T T THE THIHIIT (Differential equations with variables
separable)

o o

YUH FHIfE T Yo Hd 61 STkl G Fefafad €9 &1 8

@ _
n =F(x,») (1)

TR F (x, y) 1 [OF®A g (x), h(y) o &Y | Aferem fohan <1 denal € W&l g(x), x
el © AR A(y), y 1 TH He € Al THE (1) JUERIoig = STl gHienion
el &1 TH B W FHie (1) i fefateg w9 o fon s ok €

d
—=h(). g - @
AR A (y) 20, A T I GeTeh Hd gL THRWOT (2) H
1
o) dy =g (x) dx - (3)
o ® H fora <1 Tkl 1 TR (3) o < Tell 1 HHIeher il T BH W hid €
1
Ty)dyzjg(x) dx . (4)
TH R T (4), R U SFaehel e 1 gl FefeiEd &9 § Y& Ll @
H()=G(x)+C .. (5)

T H () T G (x) FHI: %y)ﬁ_cfg(x)aﬁ Hfdsrashe € $iR C @e3 oR 2
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3ETEIUT 9 3Tdehel THIH I Z_y:;H , (y#2) 1 AU A AG HISIT
X -y
7o T @ R e
d 1
d_iz ;jy v #2) (D)
et (1) W =R o gUeh i T B WK i €
2-y)dy=(x+1)dx .. (2)

GHiRTOT (2) o S UEl T GHRGT F W B WKW A §
[e-yydy=[x+1)ax

2 2

Y Zy—y—:x—+x+C1
2 2
AT ¥+)y'+2x-4y+2C =0
Y X*+y’+2x—-4y+C=0 .. (3)
SRl C=2C,

GHieRT0T (3) STehel GHIHIOT (1) 1 A9 B 2l

IETET0T 10 Sfaehel THIHT Qzler2 1 AMh e A HiToIT|
dx  1+x%
T G 1+)? 0, AT =R H1 JUgk A ¢ KA g3 s1aher THeR Frefafed
®q o feran s Gehar 8:
dy  dx
1+yz_1+x2

THRTO (1) o S Uel w1 Hhe S B¢ €9 UM €

(D)

J- dy _J- dx
1+ y? 1+ x
SREI| tan! y =tan'x + C

IE FHIHO (1) 1 A9 7 ¢

d
SETETUT 11 3Tahel HIRIO d—i=—4xyzaﬂ1%rfswwamaﬂﬁm,tr&'y=lw
x=0%

g1 ARy 0, T gen sreshal SRl frfefa w9 # foran <1 " ©:

dy
7=—4xdx (D
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GHRTT (1) o SHI 98l 1 FHRRG % T B UM R

Id—);=—4jxdx
y
1
SR ——=-2*+C
y
SPEI = 1 2
y 2 C - (2)

TR (2) § y=1 3R x =0 Ffceenfyd @ W ed C=— 1 9 8l 2
C &1 AF T (2) ¥ gfaeenfud & W KU g sasa e &1 faftre g

: e BT 2

2?41

@O 12 g (1, 1) 9 o o1 T U™ 35k 1 T Fifee e seadma
TR x *dy = (22 + 1) *dx (x # 0) B

7ol AU gu ofohel THiehol i fefeiiad &9 W eiferer fehan ST wenan ©:

2
dy:[Zx +1]dx

X

¥

37T dy=(2x+ljdx .. (D)
X

GHieRTor (1) o ST Ul 1 THERC H W BH W 0 o

1
[av=] (2x+;)dx
&L y=x’ +log|x|+C )
iRt (2) XU gU eTaehet HIHIOT & & i o bl 1 TR Hidl € Wy
TH 39 FoA & Tk UH fafire dee 1 Gefiehior A ke Aed © 5 fog (1, 1) 9§
TSRAT Bl
*  oeiel 5 YSd Hond ?Wvﬁﬁw%ﬂma@ﬁrm@sﬁmmﬁw

Bl €, el €9 dr 3R dy 1 WU HEAs %l @E AaeR W @M €1 dv 3 dy I YeeE-geh
A1 AL g9 ogd o TUMIet %1 gEue oA Y Hehd 21 e¥: Introduction to calculus and
Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.
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zfere @it (2) ® x=1, y =1 yfaeenfud & W ed C =0 9 g 21C

A GHRTOT (2) § wiorenfid i W e siefiee g 1 THE =22 + log | x| % &9
¥ U B 2

ST 13 fag (-2, 3), § 7o arel U a5k ol THIh0T A1 Hiferg foreeh fonet
g (x, y) W =99 @ 1 qeor 2% 3

2

y
& WW%WWW#TW%@&‘TW%QFWW%IW
X
dy 2x
& (1)
=R 1 YUk H g HHIEHT (1) 1 Frfafad w9 § foan o1 gk ©
Vdy = 2x dx .. (2)

GHieRToT (2) o ST UEl 1 HHRE HH W FH U F o
J.yzdyzjbcdx

3

CRE y?=x2+C - 03)

TR (3) § x=-2, y =3 gfaeenfia & W ed C =5 9w giar &l
C o 9 TH (3) ¥ yfaeenfyd & W g 31 o6 ol THIHI0

3 1
y?=x2+5 ey =(3x7 +15)3

% &9 § U B e

SaTETuT 14 TRt S o qgored #1 gfg 5% ot ®1 T @ Bl 1 fohad ot o
Rs 1000 T qf¥1 T &1 S ?

&l T Sy foredl 999 R gered PR € g Ee o 3TER

Qz(ij P
dt~ \100

@®_r
afere T ()
TeteRtor (1) © =R 1 geh H W, T WK H © :

dP  dr

> =20 . (2)



412 Tford

GHRTT (2) o SFI Y&l 1 THRG i W BH U i @

t

logp=—+C

BF T !

*
3:[945” P:ezo.ecl
* .

EEEC] P=Ce2 (S® .5 =)
a7« P=1000, <& =0

P 3R ¢ 1 HF RO (3) H W W 89 C = 1000 9 % 21
THT T (3) | BH Ww i @

P=1000
T ST ¢ o H gt A 8 S €, e

2000=1000 ;35 = =20 log2

| woraett 9.4 |
1 9 10 9% o ¥l |, Yo 3Tohcl THIHIUT & A9 81 J1d iUl

dy 1-cosx d
1. Y@ _ 2. —y=«/4—y2 (2<y<2)

dx 1+cosx dx

dy
3. d—+y=1(y¢1) 4. sec*xtan y dx +sec> ytan x dy = 0
x

d
5. (e +e) dy— (e —e) dx=0 6. d—i=(1+x2)(l+y2)
dy 5
7. ylogydx—xdy=0 8. X —=-—
ylogyax —xady PR
dy_ .1 5 .
9. E_Sm x 10. eftanydx+ (1 —e) sec’ydy =0

.3

11 ¥ 14 T o T4 |, T oTashal GHiH01 o forg XU gu wfdsier i e &

gren faferse ga Fa S|

d
11. (x3+x2+x+l)d—y =272+x;y=13aR x=0
x
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
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d
x(@ -2 =1. y—0afk x=2
dx

X

cos(?jza (@aeR);y=13aC€x=0

Q:ytanx;y=2?3|'ﬁ‘{x=0
dx

g (0, 0) ¥ ToRA Al TH TH dh 1 THIHIUT A DIty fSTERT STahd
THHT )’ = ¢ sin x &1

aqawwﬁwxy%=<x+z)(y+2) % fom fog (1, -1) ¥ TR AT T

T ity

9 (0, —2) ¥ oA aTcl T TH doh ol THIHU Tq SiteQ feeh foret fog
(x, y) W &% 3@ 1 g9 IR 39 fag &y fdenies o1 ored 9 fag o x
frdemisr o SR 2|

T I o fdll f95 (x, y) W T0et 3@ &1 yaum, w9t fog &1, 55 (—4,-3).
Y o™ o1el TarEe ®1 YeuE %1 A B A 97 a6y (-2, 1) @ e @
q 39 ok H THIHIO 1 Hifed|

Teh TR e 1 3T, T8 gl SR Geran S el ®, feer wfq o a=a
@I € A ARA W 39 [eaR 1 B0 3 T § SN 3 Yehs 91K 6 $HE €, @l
1 Hohe 9% 39 TR & B 7 i)

forelt S ® qeav # GG r% iR 1 R @ B {1 A 100 T9 10 9§
T & S T, @ - AE T B (log 2 = 0.6931).

et s Tore w1 95 5% it w1 R F Bl 31 39 SF F Rs 1000 S
FAC S 21 A6 HC R 10 96 9% 72 iR A e Smwi? (o05=1.648)
fepeft Sframo] T o Sframoped i @@ 1,00,000 ?1 2 S W TH G H 10%
1 gfg Bt 21 foraa = o Sframope s @@ 2,00,000 B S, AT SR
& Jfg #1 W STk Iufted GEA o FHMAE! 2|

STEFd W%:ewaﬂ F A
X

(A) eetev=C (B) ee+te=C
(C) ex+e=C (D) ex+er=C
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9.5.2 THATATT 3aehed GHIEHIUT (Homogenous differential equations)
x T y o frefafed weml | foeam #ifeg
F1 (x,y):y2+2xya Fz(xay)zzxizsy,

F, (x,y) = cos (%) , F, (x,y)=sinx +cosy

IfE ST Herl B x 3y i fopedl YR o=R A % foaw #ae: AxTd Ay @
yfaeenfod R G S @ 79 9w i ©:

F, (A, Ay) = A (" + 2xp) = M F, (x, )

F, A, M) =2 (2x-3y) =1 F,(x,y)

A
F, (x, hy) = c0s [—y) = cos (1] =" F,(x,)
Ax X

F, (bx, Ay) = sin Ax + cos Ay # " F, (x, y), et ot n o foq

781 & Uferd #d © fF wem F, F, F, ®F(w, Ay) = V" F (v, y) % &9 | feran
T Hehdl § WY e F, 1 589 ®9 § T foran 1 wenan 21 399 w9 frefafea aftamn
W Y B

we F(x, ), n Sd ol GHEATE Hel el 21 4% fordl IR oR A o fag
F (x, Ay) = A" F(x, »)

T e X & fF ST ST H F, F,, F, A 2, 1,0 51 a1et SHemie e
€ Safe F, 9emda wem 1@l
&a g8 o uferd & € T

EEE| Fl(x,y)=y2(1+ﬁ =y’h, (fj
y y

g Fz(x,y)=yl(2£—3j=y1h4 (ij
y y
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F4(x,y)¢x”h6(fj,n e N fordft off 70 & fag

n X
SR F,(e,y) =7V h7[;J,neN

SHfT Tk & F (x, y), n o1 ATl GHEE el shgalldl ? =g

rin-eo) )

%=F(x,y) o &Y Sl STl GHIHl qHEE el € 9% F (v,y) T3 o
el TS e 2

d

G
&mmﬁw&ﬁawﬁwﬁmmﬁ%@w%wam

y=vx .. (2)
it & €
THRTOT (2) hix ok HUeT oo il W EH W Hid @ :

&L

dx_v+xdx .. (3)

W(s)ﬁ%wmaﬁwﬁ)ﬁﬁwﬁaﬁmwwwﬁ%:

dv
+x—=
vhx— g

dv

Feiq x5=g(V)—v (4
THIRTOT (4) H =R H] Y HH W T W H € :
dv dx
—=— e (5)
gv)-v x
TR0 (5) o < Uel S HHEhe i W EH WK el e
dv 1
vl Beads - (6)

Iz yH LY wiaeenfud #= A ST A THEI (6), STaRS THIHRO (1) H

X
YF T YEH FLT 2
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X

d .
W&Wﬂﬁammd—yﬂ(xay)$mﬁ%|aﬁ

F (v, y) Y 510 a6l SR Werd © A 89 L=y 379, x = vy Tt s
y

¢ IR iR Swisd ==l % STER %=F(xay)=h[§] o &9 § foray = g
@ F o T e m agd 2

IETETOT 15 T T Sraehel WHIeR0 (x—y)%=x+2yﬂ'qﬂ'l?ﬁ'€l%3ﬁ'{wgﬁ
X

1 Shifsru)

T U T st gt 1 Frefafed w9 § stfitersd foman ST Hedn @ ¢

dx x-y
x+2y
EIERSIEL F(x,y)=
X=)y
- F(hx, hy) = 202D 50 (e )
A(x=y)

AT F(x, y) T4 96 ol THEME 6o 2|
o7 o gam STashel THIHU U WHENT STaehel e 7

faeheyd:
1+2—y
b _| " x _g(zj
dx - X - (2)

THIHTT (2) T < vay g(lj % ¥ | 2 THfA 7 Y 9 Al TF SR
X

T gl THfT GHIRT (1) Tk GHSdE STahel THRT B
THH! BA H F AU BH Yl w3 o
y = . (3)



STIFH GHIHTU

GHIRTOT (3) 1 x o GUY TR FE W TH U FW

dy dv
L=y +x—
dx dx

TRt (1) § y %wmuﬁwﬁﬂmﬁm%ﬂwm%:

dv 1+2v
V+x —=
dc 1-v
dv 1+2v
EFMH XE_ 1-v -
dv v +v+1
37 - -
qﬁ dx 1-v
v—1 —dx
dv =
3‘[% v +v+l y X
GHieRTor (5) o S UEl o1 GHERC F W BH Y| i ®
J‘;’;ldv:_ _dx
vi+v+1 X
v +v+1
2v+1
— - ——dv=-1 +C
T j.v +v+1 2Iv2+v+1 ’ 0g|x|
1 2 3 1 B
K OE Elog|v +v+1|—5jde——log|x|+C
1 3 1
CRE| —log|v2+v+1|—— dv=-log|x|+C
v+ —| +] —
2) "2

3T/ %log|v2+v+1|—i.itan1[2v+1j=—log|x|+c

2°\3

417

. (4)

- (5
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NE]

3T/ %log|v2+v+l|+%logx2=\/§tan1(2v+1j+C

y ﬁ%,@qﬁw&mmﬁmmwmﬁ%:

Loy L) 2+
—log|Z=+= +1|+—logx? =Btan”!| =2 = |+C
e 5 ng . 5 g \/gx
Loy ) 1[2y+xj
—log|| Z=+=+1|x*/=+3tan”'| =22 |+C
YAl 2 g(xg ¥ j \/gx 1
3779 10g|(y2erer)c2)|=2\/§tan1[2)}+XJ+ZCl
V3x
S log|(x? + xy + y*)| =243 tan™! (Mj +C
V3x

I8 ST THIH (1) T ATH A B

IETETUT 16 <IISY T 3Tahed THIEhTOT xcos(ljgzycos(lj+x THEEE 7 3K
x X

X
391 B JMA HIFST
gl e gan erashe g frefafed w9 o foran <1 @ 2

&y ycos(i}) + X 1
dx_—y .. (1)
xcos()
X

qﬁ%:F(x,y)a?anﬂWHﬁW%l

),

X COS(yj
X

R F(x,y)=
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X A ® Tyl Ay ¥ Hioeenftd o W EH W i 8

i[ycos(yjﬂc]

X

F (O, Ay) =
){xcosy)

X

= 2°[F(x,)]

F (x,y) I 1A o1l GHETE Held §, Tafere f&an gan erdehel GHIshol Tk uedy
YTl THIHOT B SEeh! Bl hid oh folq gd Ffceemod &id 2:

y=wx .. (2)
GHRTOT (2) 1 x o HUEY eeher i T EH UId Hd ¢

L

dx _v+xdx - (3)

Tl (1) § pud %aﬂmqﬁwﬁﬁaﬂﬁmmmmﬁ%:

dv  vcosv+1
V+x—=
dx cosv

dv_vcosv+1

S XE cosv
SREI Xﬂ_ !
dx  cosv
37eqE cosvdv =ﬂ
X

Tgfeae jcosv dv=jl dx

X
SRC)) sinv=log |x| +log |C|
SRE]| sinv=log |Cx|

vﬁiwﬁwﬂamﬁmwmmﬁ%

sin (lj =log |Cx]
x

IE ST GHH (1) 1 ATF T B
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SETETUT 17 WY o STaH FHET 2y o’ dy + (v —2x e’ ) dy = 0 THERR § 3R
AR, x=0 59 y=1 T g3 7 @ 36 TR 1 fafere 7@ 9@ SIS
7ol f&an g3 erashe g frefafed &9 o foran s gevan 2:

X

dx 2xe’ —
2 . )
dy X
2y e’
(= )
x kL2xey -y
2xe’ —y o
RIERSIEL F(x,y) = T @ FOx, ) :ﬁ% [F(x, )]
2ye” kL2yeyJ

31d: F (x, ) I oA 9Tl GHEEE B 2

THfeTe, A 3T STahel THIHU Tk HUEIT STahel THIH 7

THHT T A HH ok AT, T x = vy T Fd 2

TR0 (2) Ty ok HUEl SFaeho Hid W EH WK Hid @
dx dv

_=v+ -
dy ydy

W(l)ﬁx@?mmquxmww%:
ly

dv 2ve' -1
v+y—=
dy 2¢e"
dv 2ve' -1
YT y—-= -V
dy 2e"
e i
dy  2é"
37 2e'dv = —_dy

y
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e _[ze”.dv=—jd—y
Yy
SREN 2e'=—logl|y|+C

vﬁfﬁwﬁwﬁawqimwaﬂﬁ%:

2 ¢ +log|y|=C - (3)
TR (3) ®, x=0Td y =1 Gfqeenfud & W ed W & 8
2e°+1log|l|=C=C=2
C &1 9 et (3) o wiceenfyd e W 89 Wi i @ :
2 e;+10g|y|=2
e XU g 1awel Wi 1 T fafire g B

SETE0T 18 JEISY foh Ikl &1 e, Tk Tt fog (x, y) W w9t @ &t yaora

x*+y°

2, x2—y?=cx g U=« 2
2xy

T B WA € T Tk o o Tl fag W et @ &) weom %aﬁwgﬁr%

dy P4y dy 1+—y2
THfeT X
— = ee l
dx 2xy dx 2y 1

W:W(l)ﬂﬂaﬁaaﬁwaﬁ%l
Sﬂﬁﬁaﬂﬁ%m%ﬂy=vx9ﬁwmmél
y=vx okl x oF TIUE el i W 8 I e

2
ﬂ:\,_,_xﬂ q v+xﬂ=1+v
dx dx dx 2v

dv 1=v2 2y dx 2y dx

3d: = il dv=— 31 dv=——

X—=
dx 2v 1-v X v —1 X
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2 1
Tgfeare J.vz‘:ldv:—.[;dx
37eFell log‘v2 —1‘ = —log|x|+log|C,|
SRE| log‘(vz - 1)(xx =1og|C1|
37al (V-1x= = C,

mfamrﬁwmmww%}

2
[y—z—l}czicl
x

YT (0P =x)==C xTx*-)*=Cx

| woaraett 9.5 |

1 ¥ 10 T o Weish WeA H qwiieq foh faan gen stahe SHishw SHeE 7 SR T
Y YIS hl TA HITST:

Xty
1. (2 +xp)dy=x>+)?) dx 2. Y= ;
3. b—y)dy—(x+y)dx=0 4. =y dx+2xpdy=0
dy
24 2 4 2 _
5. X=X 2y +xy 6. xdy—ydx=\x*+y* dx
7. {xcos[zj+ysin(l)}ydxz{ysin(lj—xcos(lj}xdy
X X X X
8. xd—y—y+xsin£1)=0 9. ydx+xlog(zjdy—2xdy=0
dx X X

{1 X}d X[l x]d 0
10. +e¥ |dx+e’ | 1-—|dy=
y
11 9 15 T o 9 § Y&k SToshal G0l oF foTg fST gU Ufaey i S 3 are
fafre ga A wifs)
1. x+»)dy+(x—-y)dx=0;y=13 x=1
12. Xdy+@y+y)de=0;y=13Rkx=1
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14.

16.

17.
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{xsinzilj—y}dywrxdy:o;y:g I x=1

X

ﬂ—l+cosec(ZJ=O; y=03Rkx=1

dx x X
2xy+y2—2x2§=0; y=23x=1
x

d
d—;=h£§j$mméwaﬁamwmaﬁwaﬂﬁéamﬁwﬁf@ﬁ

H 9 % @ ufaere i S g

(A) y=w B) v=yx ) x=w D) x=v
frefafad & @ ®iF @ geedE s gHiw 22

(A) Ax+6y+5dy—@By+2x+4)dx=0

(B) () dx — (X +) dy=0

©C) P +2)dx+2xydy=0

D) Yde+ @ —xy—1»)dy=0

9.5.3 g sraemer GHiEIOT (Linear differential equations)

dy
Zipy=
dx v=Q,

o B el STaehel FHH0, fHH P s Q 3T=R 31efal ohelel x o el €, YUH WHife
1 @ kel GHIHO Heeldl ¢ UUH Hife & o ke GHIET & 5
SBT3 YHR B:

dy .
—+y=sinx
dx 7

dy (lj .
4= |y=e
dx \x Y

@ (v |1
dx \xlogx) x

wom Hife o ash Tahel THHI HT I §Y Tohe ?JrPlx:Ql%,ﬁ“qﬁPl

Q y n
X Q, 3SR ea e y o el &1 T ThR oh 3Tohel FHIHI o B IR
froffofan 4. o +x=cosy

'y
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%I T L oF faC FHIROT o JHT 98l Al x % B g (x) @ 0N HE W A 9
FW

dy
gw) - +tPg®y=Q.gx) - (2)

g (x) T T T R FHIFST ek FHIHI T ST U&7 p . g (x) T STheis s ST

d d
el g o P @y =~ g (W]

dy dy
SR g(X)E+P-g(x)y=g(x)g+yg'(ﬂ
= P.g (x) =g (x)
sporen p_ £®

g(x)

A vEl w1 x F WOY GHHEH HE W B UW HA o
IdeZ J.&dx
g(x)
e jP.dx=log(g(x))

e gx)= P

GUHTT (1) F g(x) = 7T TON HH W 3T THIHIOT HT 17 9&T x Ty oF
fohdt T T STahels o1 W1 @1 98 HeM g(x) = &4 XU gU STashet TR
HTehe™ Uk (LF.) Fgam 2|
TR (2) ® g (x) 1 A Fiaefid s W 0 W & B:

e-[pdx dy

dx

- i(y ejpdx):erde
dx

pdx

+Pejpdxy:Q. e-[
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AT &l 1 x, o TUY THRGH HE W TH YW I o
y_ejpdx =f(Q-eIde)dx

YA y =e_JPdX J.(Q 'e'[PdX)dx+C
g Adhdd THhI0T 1 ST B %'

weom whife & e Tashel AHIEIUT s T i & fou wfmfera o/or:

@) ﬁngaawuﬁwaﬁ%+Py=Qawwﬁﬁf@qWRQwaw
hael x o T

(ii) FHERE U (LE) = JPér 9 i
(i) T g oTawa THieol &1 ga Fefafead 9 o fafaa:

y.(LF)= [(QxLF.)dx+C

d.
ﬁumﬁ%w%@ma&wﬁwd—;+ﬂx=Q]&mﬁ%mﬁPlaﬁIQl

SR A A y S Hed ¢, 7 LE. = [P0 R

x.(LE)= [(Q *LF.)dy+C ¥adhel T 1 &l 2|

SATETUT 19 3Thel GHIRIO %—y:cosxwwmaﬁaﬂml
X

Tol < geon oTashel wHiH

d o
d—iJrPy:Q'%, GI%TP=713ﬁTQ = cos X

Tgfait LF.= ej_ldx =e”
THiHToT o AT Uell I LF. W 7O I R W U HA 2

—X dy —X —X
e’ ——ey=e"cosx
dx

d —X X
SIRE] —(ye )=e cos x
dx
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T Tl T x o WU THRC H W FW W@ FW T
ye =J‘e7x cosxdx +C .. (1)

A oifse f& 1= J‘ef" cosx dx

- cosx(e_: J ~ [ (=sinx) (~e ™) dx

= —cosxe ™ —Isinx e " dx
= —cosxe ” —[sin x(—e ) - jcos x(—e™) dx]

= —cosxe “+sinxe " —Icosx e " dx
SPEe) I=—e>*cosx+sinxe*—1
SRE| 2= (sin x — cos x) e*

(sinx—cosx)e™
sTeraT I=

2
TR (1) § [T A9 yioeenfud o W 89 I< & o

yer :(smx;cosxje_x o

sinx —cosx ’
Ao y=#+ce*

7g fEU g 31aehel THIHTOT &1 =19 &l &

d
SETET0T 20  3TGhel FHIHIOT xd—y+2y=x2 (x#0) T =AYSH TA 1@ HIfSU|
X
T e gan e i €

dy 2
X—+2y=x
P Yy

X
THtRTo (1) o IFT & S x T 9 3 W FH U W o

d 2
dx x

. (1)

y=x

TE, %+Py=Q,é€mw%ﬁw ITThel TR €1 T8l P=§Q7=f Q=x%tl

2 ogx? .
LS| E_"Q ILF. = e".; dx — e2logx = el X" _ x2 [aﬂ]ﬂﬁ; elog(/’(x) Zf(X)]
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THfY fEU g et 1 & €
v = [(0)(7)de+C = [Xdr+C

2
e y=%+Cx‘2

e XU gU 3ahel THIHIUl 1 A9 & &l

SETETUT 21 3 FHIRWT ydx — (x + 2)?) dy =0 1 SAMUE TA AG HIfST
gor T gen e wie frefeiad &9 o foran ST e ©:

E_X_y,

dy y
o 1.
REF ?+P1x=Ql,ég ®q oren ew e wHiE 21 g8l P =—— Ud
Y y
I_ldy 1 gyt _ 1
lezy%|WIF=e Y Ze_Ogyzeog(y) = —
y

31d: T gU Sraehel G0 %1 T €

xlzj(zy) (ljderC
y y

CEC) Z=[2dy+cC
Y
X

YAl —=2y+C
y

SILE]| x=2+Cy

g fEu g 1aehel THIHTOT 1 A9 B 2
SSTEIUT 22 3Thdd GHISHIT

Qercotx =2x +x*cotx (x #0)

dx

=1 fafere e it fen gan € fr y=04f ng
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P = cot x 3R Q=2x+xzcotx%| gHfeTU

cotx dx i .
ILF.= eI =¢85 = gin x

3Td: TR THIHI FT T B

y . sinx =J(2x + x* cot x) sin x dx + C

e ysinx=J2xsinxdx+fxzcosxdx+C
: _[2x° 2x7
JAgdn ysinx = smx(i]—jcosx(ijdx+J.x2cosxdx+C
2 2
CRC| ysinx:xzsinx—szcosxdx+J.x2cosxdx+C
SRE| ysinx=x*sinx +C .. (1)

g (1) ¥ y=0T1d x=gqﬁwﬁaaﬂﬁmgﬂwaﬂﬁ%’:

0= [92 sin(g) +C

2
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Yl C= 7
gt (1) o C w1 7F gfaeenfyd @ W 89 oW H3 7

. 2 . TCZ
ysinx =x"sinx ——
4
2
2
SPEI y=x" -

(sinx # 0)

4 sin x

e fEu gu afeehel iR 1 fafyre gt 2

FEEY0T 23 f95 (0, 1) ¥ 7o a6 Th 5 1 FHIHI0 [0 HIST, (S 36 oo oh
et fog (x, y) W o9l Y@ 1 wourn, 39 fag o x e (9q1) qen x Frdene ein
y T (ife) & qoHwS o A % TR B

W@W%ﬁﬁwﬁ@qﬁ%@aﬁmgéwzﬁr%m
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TR (1),%+Py=Qé€ w9 1 ek Tahd GHRW 21 & P=—xTq
Q = x%l Tgfan

LF.= eJ_de —e 2

31d: T gu g &1 B @
y.eT =I(x) (eTz)dx+C - (2)

HH ife I=[(x)¢ 2 ax

T e %=t,ﬁﬁ—xdx=dtmxdx=—dt
ERI Iz—j.e’dt:—e’ =—¢2
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X
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YoATaer 9.6
1 912 9% o U991 |, IF Adhd] THIHI ] SATH B T hiToIT;
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1. ——+2y=sinx 2. —+3y=e . — +=x
dx d dx Y 3 dx x

4. ﬂ+(secx)y=tanx(0£x<£j 5. coszxﬂ+y=tanx (03x<£j
dx 2 dx 2
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6. xd—y+2y:x210gx 7. xlogxd—ery:glogx
dx dx X

8. (1 +x*dy+ 2xydx=cotxdx(x+#0)
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dx dx

d
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fafere &1 T wifSa:
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dx 3

1
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d .
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afferen 21

18. 3Rl THIHTOT x%—yﬂxzaﬂwww%:
1
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fafaer 3qrgvor

SETETUT 24 WA HIC o TTH y =, e cos bx + ¢, e sin bx, S& ¢, ¢, TS
I 2, T THIHTO

dzy

dy 2,32
—=—-2a—+\a" +b")y=0
P a (a )y =0 =1 5 2
Tl A gam wer
y=e"[c cosbx + ¢, sinbx] .. (D)
THIHTOT (1) & A1 Ual T x oh HUEl STdeheld F1 W W W € R
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X
dy .
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X
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=e
+(a’c, + 2abc, — b*c, - 2abc, — 2a’c, + a’c, + b*c, ) cos bx
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T (1) | ¢ 1 A9 iqeenfud s W 89 9 B 3R 9.6
x+yy P x+yy' ] [x+yy' T
PINE.S. 0 A I BV 5. i yy
y'-1 y'-1 y'-1
' 112 ’ 112 12
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X

gfpy=0afk x=0
gor T gen e we Frefeiad w9 o foran ST e ©:
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gt (2) °§ C &1 OF gfaeenfag wE W ey,
4e+3 e —7=0,d HW T
7% fau gu stoehe Tl @1 U faftre B @

SETE0T 27  3Tahal FHIIu

STIFH GHIHTU

433

. (1)
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(x dy —y dx) y sin (%) =y dx+xdy)xcos (gjﬁ A HIfSQ|

o o

Tl & gen erawe gt Frefefea w9 o foran S ook 2|

(2]t {2
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XxXycos| = |+ vy sin| —
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e -
dx Xy sin(y) —x? cos (yj
X X

TR g T 379 TS B Al HI2 Y AN 3 W BH UM B
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X X X
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W:Wﬁw(l),%=g(§)é€mmw@amaﬁw%,w

T THIE hl T HH & T g0
y=vx .. (2)
yfeeenfud w4 7
37 ﬂ—wxﬂ
dx dx
2 .
T ppx DY VCOSVEVISINY ety (1) 3R (2) 7T oI 3 W]
dx ysinvy—cosv
dv 2v cosv
e X T S sinv—cosy
x ysiny —cosv
(vsinv—cosv] 2 dx
37 — | dv= "
VCOSV X
J- (vsmv—cosv)dv:z.'-ldx
VCosv X
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secv
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VX
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=+C
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3ATEIUT 28  3T9ehdd GHISHIOT
(tan"'y—x) dy = (1 + y?) dx T B J1d HIfSU

gor T gen eraee g frefafad ®q o foran <1 @b 2:

dx X tan~!
n _ Yy

d_y 1+y2_1+y2 . (1)
TH{H (1), ?+P1 x=Q,, % ¥ ® (@F Faha THHE T &l
)
1 . tan"'y
P=—=1wQ 2—2%| RIS
1+y I+y
LF.= eI ey @ = ey
T U B 3fehel THIHIT T B @
4 t -1 o
xe™ =J. &J; ™ Vdy+C )
I+y

-1
mgﬁﬁq I:J‘(tan yJetanydy

l+y2
. 1
tan 1y = TR A T EW W [1 z)dyzdt
+y
3d: I=Itetdt,l=te’—fl.e’et,IZte’—e’Ie’(t—l)
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a@lﬁ?@?ﬂﬁ'{%l

. foag #7222 =c (@ + )2 Rl ¢ Um WA B, Tdehel HIHIOT
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IR FHR (1 + ) dy + (1 +)?) ¢ dx =0 HT Teh AT ga 1 i,
ﬁmgaﬂ%ﬁy:m&x:o.
3fershel HHTRTT ede (xey+y2)dy(y¢0)wgaamaﬂm|

TTHA FHHT (x — y) (dx + dy) = dx — dy 1 T Tafdre ga 3 sifag, fen
g37 2 & y=-1,3a% x=0 (Fhd: x—y=1¢T@)I
2x
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Wﬂﬁaﬂmd—erycotx =4x cosec x (x # 0) 1 T fafere g1 F@ *ifw,
X

WWUT{ } =1(x#0) %1 BA FMd HifST|
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