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far-faditar warfufa

(Three Dimensional Geometry)

¢ The moving power of mathematical invention is not
reasoning but imagination. — A DEMORGAN <

11.1 9fferT (Introduction)
el X1 9, Sveiften sarfufd &1 steqa i v fg-fofa
R fr-farta T o of=m o so = 1 shaet i
fafy qe difira @ 21 58 g o sl oo o g
Tl 1 ot HeheureAl 1 TeAe foha 21 ot B wfewt
o sterTiorg o1 T3-farta sanfafa o sem o) H-foda
Safafd & 59 SUNTH T IV © R 9% 39 1
e T TS Goraqul (GOTEA) S Xl eI

W 3™ § g9 T foged & fHam areft @ o
fesh-ican o facg-srgum :

A
@@%Wﬁﬁmﬂmﬁlmmﬁ@ Leonhard Euler
arferenter qRoTHT <1 WfEel & &9 § W wd &1 ety g (1707-1783)

TR T &9 | 9t SFER HUT 9 Hrefied | el w1 o s iR favetToes
TersToT Jeqa X Weh |

11.2 3@ Iriclg—cl'z\l{-ll's—l 3R faeh-o1uTa (Direction Cosines and Direction
Ratios of a Line)

e 10 |, TR HIfC, fF gt fog @ oRA arelt |fger @ L grl x, p 3R z-37ei
o T HH o, B 3R y ST T FI07 {Eeh-H10T el & T 37 10N 1 bR o
cosa., cosp 3R cosy @I L o fqep-ahidmea (direction cosines or dc's e g

*  For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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e TS, fafer § <) 7 e i <) o faensti § wer wehd § 3R sy suen
fEp-haE o < 9qe €1 Tl ialer § A W@ o fou fKp-ea & afgda
g o fau, 39 90 @1 & T 9w @1 oA el 31 Afgda fKep-wiaea w
l,mﬁ?naﬁmﬁﬁgmﬁﬁgl
feoguit siafer ¥ < 7 @ A got fog @ T ToRdt @ @ 59! G- S e
#%H o fou, &0 go fag o § T Y@ & gH@ T @ gied 71 o qa fog 9 s
T T GiEe W@ o fKep-3ud 71 H € Hifeh 3 THiaR Y@t & fach-erardi ok
TR TE (JE) B

T @ o Ch-HEET o FAEURT Senst &l 3@ o Sp-3Tu (direction
ratiosordr’s)zh?ﬁ 2l qﬁ@i@%ﬁ%—w LLm,nd ﬁTJE—\%:IT?H?T a,b,cs &
WWKGRQ’T T\E'Qa=7ul,b=7um3ﬁ'{ c=An

9 qE - B fg-wed o Fed 2
M AT Tk 3@ o Reh-q a, b, ¢ IR @1 H Kep-HEEA [, m, n ¥ T

_:_:g:k(mﬁm),k@w%
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AT l=ak, m= bk, n=ck . (D)
i P+m+n=1
ESISI @+ b +c)=1
1
Ell k=%

w/az+bz+c2

3d: (1) ®, @ & Re-FEEd (de.’s)

b c
=2 m=+ =t
\/aZ+b2+c2 " Jat +b* +c? ! \/az+b2+c2
forddt Y@ & fau aft Y@ & Kep-o U FAN: a, b, ¢ &, A ka, kb, ke; k= 0 5t
feeh-STaTel 1 Tk THE 1 STfTT Uk 1@ ok fieh- 31l o <1 THe off g g
ard: fordt T @ & feh-oruml & e g B g

11.2.1 @7 &t fRg-#HiaET T @FY (Relation between the direction cosines
of a line)

A ST foh Th W@ RS T RKeb-HEA 1, m, n 81 g
fag o € 7 W@ % FHR T @ Eitae $iR 39 W T
g P(x, y, z) Sl PH x-318 W @d PA @ifau
(3TeRfd 11.2)1

OA
I OP=r. cosa="oo =§.ﬁm@| x = I 9T BIaT 21

s%ﬁuao‘r{ y=mr3ﬁTz=nr.

A A2 =2 (P +md+nd)

™G AP +2=p2 M 11.2
&d: P+m*+n*=1

11.2.2 & )%@Bﬁ &I fae Tt 3T @t fqeF-hiargT (Direction cosines of a line
passing through two points)
Fifer < fau fogett & g WM ol Y g i ¢ sefan 7 fie T fage
P(x,y,,z) R Q(x,, y,, Zz)@ tl,?lﬁ et @ ﬁ%—aﬁw F 11 YR ¥ I
FTH € (PR 113 (a)l

A ST fom T PQ & faeh-shere £, m, n € 3R =8 x, 3R z-3181 o G1ef hi0T
FAI: o, B, y T
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o T P 3t Q @ & ©lifay it XY-aa1 &1 Raen S fierd €1 P TH

T o9 Bifer st QS % N R ferar 21 o1@ gHahivl 5149w PNQ ®, Z/PQN =y
(3mepfd 11.3 (b)) s@fery

V4 Z
4
Q
T MQ
P N
Y Y
B 0
R S
X (a) X ()
STTeRfd 11.3
_ N_Q_ Zy 74
cosy = PQ —PQ
T ghR cosoL = xzngxl 3R cosBz—sz_Qyl

3fd: fagatl P(x, p,, z,) € Q(x,, y,, z,) 1 Sig ol WrE@s PQ o fiep-whiwre

X, =X, Yo~V %4 %I
PQ ° PQ ~ PQ

&

STel PQ = \/(xz_x1)2+(J’2_y1)2+(Zz_Zl)2
feoruft fogs P(x,,y,z) 3 Q(x,,,, z,) F e ael WEE & feep-etqurd =
THR 9§ Ty ST " 2

xZ—xl,yz—yl,Zz—Zl,ZlT X=X V=V 2172,
SETET0T 1 AR T @ x, y AU z-3780 1 YA 90 o A1l HAT: 90°, 60° T2 30°
1 IV T ¢ W fEep-heT W Hif

T O ST W@ wt Reb-shiEET [, m, n 81 @& [ = cos 90° = 0, m = cos 60° =
NE)

n=cos 30°= —
2

1
2 b
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SETET012 AR T Y@ & -3 2, -1, -2 € qf g8t fKp-+iad 9 Fifsw)
T fep-whramed feteq €

2 - -2
V2D (277 2 (D2 (2 (22 (1) + (=2
2 -1 2
St 333

SaTEor3 ¥ fage (- 2,4, 5) 3R (1,2, 3) A e @l W@ w5t fKep-wrE T
wifsra)

T BH WA € R R ﬁ's',a:ﬁ P(xl,yl,zl)aﬁ'{Q(xz,yz,Zz)ﬁ foem aret @+t
feep-hrarE

X=X =N Z =%

PQ ° PQ  PQ
&, el PQ = \/(xz )+ (=) (2 -2
Tl P 3R Q HH: (-2, 4,—5) 3R (1,2,3) Tl
EIGIN PQ:\/(1—(—2))2+(2—4)2+(3—(—5))2 =77
Tafers <) fagall w) frem Aot Y -
3 2 8
NEZ NG EANGE]

SETETUT 4 x, y 3R z-37ef T fach-HiamEa 7@ Hifsu

T x-318T A x, y S 2-3187 o HY 0°, 90° AR 90° o HIV1 ST 1 THIAY x-3787
1 f&eh-hEEA cos 0°, cos 90°, cos 90° 31efd 1,0,0 B

THl R 3787 3R z-3181 1 TEep-shiaEa %A 0, 1,0 3R 0,0, 1 €1
SETET0T 5 quIiET R fag A (2,3, -4), B(1,-2,3) 3R C (3,8, - 11) W@ 2l

&1 A SR Bl e ol Y@ o fieh- e
1-2,-2-3,3+4 31fq — 1,- 5, 72|

B 3R C & et arelt Y@ o fep-3rquma 3 -1, 8 +2, — 11— 3, 31¥fq, 2, 10, — 14 €1

T € foh AB 3R BC o feh- a1 SHU €1 37d: AB 3R BC ¥/id §] Wq
AB 3R BC 3l ® B 3Waffs ®1 3/: A, B, 3R C ®@ fag 2
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[wroamarett 11.1]
1. 9f% T @ x, y 3R z-3787 o WA FHAL: 90°, 135°, 45° o HI01 ST € al HRT
feep-=hramed A1d HIfST)
Th @ F1 fp-hE T10 wifoe S e oF @rer THE o7 S
IfE Tk @1 & Gep-3ram —18, 12, — 4, € a1 3Hh! [Keh-shiasT 1 2?2
Tosn fom fag (2,3,4), (- 1,-2, 1), (5,8, 7) @@ ®|
T e &1 qenetl &1 RKe-+Eed 9@ &g afg e o o fog
(3,5,-4),(-1,1,2) R (5,-5,-2) 2l
11.3 27fier W 3@ T WHIEIUT (Equation of a Line in Space)

Fel X1 ¥ fg-forfia qa o Y@netl &1 1299 o o 94 39 &F Sfake ¥ T @
o TiEIT T HIdig THIHION i Jd H|

T W@ Afgdiaa: fwifa e g, 3
() Ie fau fag @ & 7 faen @ = ot €, @
(i) =& 3 Ky T faged § gt S 2

11.3.1 € 7T faig A @ 517 et d97 o€ 7T QIG9T b oF GHTAT I@T BT THIHIOT

(Equation of a line through a given point A and parallel to a given vector b))

N A W N

gushifores fdener feea o ga fag O o @ Z b
T S i fag AT 9few ¢ 21 W S /P/,
fog A9 M et qen fu Tu afew 5 & gmiR .

W@ (R A it T (R e e mss g < | ;
P feufg wfkwr 7 & (Sl 11.4)1

=y

>Y
d9 AP TfEWI b ok iR § AT AP =15, STl ©
A Tk STEdfelsh HeA gl
= ¢ X IR 11.4
g AP = OP-OA

3T Ab =F—ad
foreia: 9=e A o Y% A oF fau 98 SHie @ o fedt fog Pt feufa wem
A B IFd: [T hT HEY R B

F=d+\b (D)
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femuit A b = af +bj + ck T @ @1 % K-S a, b, ¢ ¥ AR foeima: afE Tk @

T%‘ﬁﬁﬁ—wa,b,cﬁa52a5+bj+céi@a5m?ﬂﬂlZlﬁbﬁ |5|:TW\_’|TQ|

AfEy €9 ¥ w9 HA- hTT (Derivation of Cartesian Form from Vector
Form)

T iR R R R A% FREE (x, p, z) ¥ SR Y@ w R
a,b,c%qﬂFﬁﬁEWﬁgPaﬁﬁ%ﬂﬁ?(&y,z)%lﬂa

F=xf+yj+z/€;5=xlf+yl}+zll€
3R 5=af+b}'+cl€

o Ol (1) o wfeenfud wek 1, j 3R £, o Ui i qorl %1 TR §H U
€ fF

x=x+tAa; y=y +Ab;, z=2z+hAc .. (2)
I Y@ & g G B (2) 9 e A I 1 W, g UM R

X-X _Yy-» _zZ-%

— = ; (3
TE @ H1 FHAT THFET B

feoquit atE Y@ i feeh-hiarEd [, m, n €, @ @1 w1 qHsho]

X5 _Y—n _z74% #
/ m n

AR 6 oI5 (5,2, 4) | S areft qe | 37 + 2 — 84 oF FHI W@l 1§
T HTAT GHIHIO T T HifeU
Tl B9 9 7, TR

G=5i+2]-4kdNb=37+2]-8k
Ty, Y@ 1 WiEer gt B:

F=5i42)—dk+ A (37+2]-8k) [(1)
<k Y@ W feem freht f5g P(x, y, 2) #1 fearfa wfkwr 7 2, gafag

Xi+yj+zk=5+2]-4k+n(37+2]-8k)

= (5+30)i+(2+2)) j+(—4—8N) k
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A1 foeliod &9 W eH d © T
x=5 y-=2 z+4
3 2 -8
S Y o GHIRT 1w w9 B

11.3.2 & fow @ )%rgaﬁ @ ST areit I@T T GHIEOT (Equation of a line passing

through two given points)
A AT T T W feerd 7 fage A,y z,) SRB(x,, v, 2,), 3 Ferfa wfew s
i S p & (3Mpfa 11.5)1

T+ s 7 wh W fag P w1 fefa z 5
ofew 31 @ P Y@ W F ARk el Fea Ak X g™
7
AP=7—G 7 AB=b —a T wiw & st N
P Y@ W o ® 4% @R shaat 9k "‘% =
F—d=n(b-a) 2 ’
el F=a+h(b-a),AeR .. (1) 0 Y
St Y@ 1 afee SR 2 -
st ®Y ¥ HAT B A HEAT X e
B UM § T

F=xi+yj+zk,d=xi+y j+zk R b=x,i+y, j+2,k
=1 O w (1) § gfoeenfud 9 W g9 U@ © TR

Xityjtzhk=xi+y j+zk+A[C—x)i+ =) ]+ (2, —2)k]
i, 7, k o TRl 1 GO B W W U € TR

x=x +A(x,-x)y=y,tA,-y)z=z TA(z,-2z)
A 1 Tl & W gq 9. ® f%

X=X _ Y= _Z77%
Xo=Xp V=V Z7Z

S 3@l % HHIRLOT 1 FAE w9 2

saretor7 fagatt (-1, 0,2) 3R (3,4, 6) @ B S del T 1 FiE9 qHiHor A

EAIELY

T WM ety @ 3R b fagai A(- 1, 0,2) 3R B(3, 4, 6) % Tafq qfgw 2
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a9 G=—1i+2k
R b=3 l+4]+6k
ERISLY b—a=4i+4j+4k

T efferg for Y W feera frdt @ fag P fefa aftw 7 @1 o e
wfger Rt
F=—i+2k+NM (41 + 4 j+4K)

x+3 _y- 5 z+6
ITET0T 8 Uk AT 1 KT THHIO 2
A SIS
T KU U 9HRT 1 JFs §9

X=X _Y=hn_z27%

21 =9 Y@ 1 g g

a b c
Y qeT R WEH U E R oy =-3,y,=5,z=-6,a=2,b=4,c=2
T YR erefie 3@ fag (- 3,5, — 6) W SR W € e 9w 27 +4j+2k &

TR 2| 9 eifee fop Yan w from fedt fag =) feafa afew 7 2 @ Y & afw
HHTRTO

Fo(=37+5]j—6k)+ 1 (20 +4]+2k)

3N U R

11.4 St 3@ & HeT HI0T (Angle between two lines)

7 Sfifse fo L, SR L, gat fag & T areft & Y 2 foeeh fep- g e
a,b,c 3Ra,b,c, 8 T[: 77 AGUF L R UF fag paen L, R & fg Q 2
Rt 11.6 ¥ 5T T |iEe OP iR 0Q W fomR ®ifsw) #F «fifsT fF OP 2R 0Q
o F= = IV 0 ¥ TE TR FHIC fF FEE OP SR 0Q % WeHh F: a,, b,
caﬁ'{abcélmmﬁﬁﬁwaﬁme 7

22 72 72

a,a, +bb, +c,c,
\/al2 +bl +cf \/af +b} +c3
T[: sin 0 ¥ H, WA o = HT B0 Q L,

sin=/1- cos’ @ ¥ W 0 5 -

= [1- (@,ay +bb, +¢,6)° 7
( X

ai +b; +¢ )(a3 +b3 +¢3) ATRfT 11.6

cosO = S 9<d %I




486 Tfora

2,72, 2 2,32, 2 2
\/(al +b +¢ )(a2 +b5 +c; )—(ala2 +bb, +clcz)

J(@+02+c2 ) (@3 +82+c3)

@b —a b)Y (B -be Y ay - a ) o

B 2 2 2 2 2 2
\/(a1 + b + ¢ \/a2 + b +¢;

e foooit | su ffs § 5@ Y@l @R, qa g @ & R € A ew
L, ¥R, % 9@, o g ¥ oA aeft @ saen: L, 9L, o #1 3fg et
L, 3R L, % feep-srqomal & som fesp-shrared & 7 8 S L, % faw /, m, n, 3R
L, % faQ L, m, n,@ (1) 3R (2) Ffafed g <

R

cos 0 =/, L, + mm, + nn| (FMF 2+m’+n’=1=L+m>+n2) .. (3)

3R sin 6 = \/(11 my—1, ml)z—(m1 n, —m, nl)2+(n1 l,—n, 11)2 . @
[ECREREIN a,b,c 3R a, b, c, Elikeci

1
(i) waeq €, Ak 6=90°, 1eiq (1) ¥ a,a,+bb,+c,c,=0
b ¢

(i) TR 7, AT 6=0, 1&iq (2) @Z_lzb_:
2

2

319 &9 ] {@stl & 919 1 HI0 T FO e TR KU U 71 Atk 37 aned
Fo=ad +Lb IRF = d,+ub, o sra =7 B0 T

5]

- o by - by
COSU = | =71=7
51| |52
#ta w9 § o el 0 b= 2N _Z7A )
a, b, G
s X—% _ y;yz _Z7n . (2)
] a2’ p) &)
% 9 H HOTO T ST @ (1) T (2) F Rep-STI FAM: a, b, ¢, Tq
a, b,, 02% GE
a,a, +bb, +c,c,
cos 0=

\/al2 +bl2+cl2 \/a22+b22+c§
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samEor 9 fu MU -
73042 —4k+0(i+2]+2k)
S F=51-27+uGi+2j+6k)
o T HIU T BT
T AM ST b = [ +2)+2k 3R b, = 37 +2]+6k
T @ % " HI0 0§, s

b-by, | |G+2]+2k)-(3i+2]+6k)
cos 0= |==7|=
A JI+4+49+4+36
_3+4+12 _Q
| 3x7 21
o omeor (2
M = COS 71

FEEIOT 10 @-gH:
x+3 y-1 z+3
3 5 4

+1 y—-4 z-5
R ahi =
1 1 2

% T[T HIV A RIS

T Tl @1 % fKep-31uE 3, 5, 4 3R S0 Y@ o fGep-3rue 1, 1, 2 &1 AfE 57k
o= *T R O W

; 3145.1+4.2 16 16 8/3
cos 0 = = = =
252 ea2 12412422 | V5046 54246 15
83
3d: A= I cos! [1_{} 2l

11.5 SF @l & 0 TAqH §ﬁ (Shortest Distance between two lines)
ARt ¥ afE 3 Tl WeR Jfawss Il © @ Sk S H FAH 30 I T SR
sfafer o afE 1 Tard wwia & A 36 d= H FAaH g8, ST ote oieer i B
31AIq T @1 oF T fo9g ¥ TR @ W S 11 a4l
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T rfafter sfafter o, Tt off Yerd Z
B € S At gfaesel 8 7 € "
Bt @1 a%qd H UEH Y@et o W
FEIAAT B & 3N 3= Teromaedta @ G F

(skew lines) @d B ITELUGA &H \D E

aMepfa 11.7 | x, y 3R z-3181 & e >

FU: 1, 3, 2 THE & AHR I FW W 2 C Y

foram & 2 A B
WGE@H%W?W%@TX 3TTeRTd 11.7

Wl DB, A% % IR B o HH H
ot 7€ £ % el & Ry 313 Yart e & witE 3§ Wi T § ek
Feft oot off 7 2

T e o T I 30 Y TR U T T e ¥ ® S U @ W e
T g B e Y W feod o= fag 1 frae @ o @ A st o e el
A9 30 @Ee A1 faumdea W@e | |9 gl

11.5.1 & fawracta I@ren & ot &t qﬁ‘ (Distance between two skew lines)
319 &9 Y@istl o ofta &t =<Aad < ffafaa fafu |

A W T HE A /7 @R L fmacia e @ 7 Q
fSroh TeiteRYr (emepfa 11.8) frefafan ©: L
Fo=ad+\b .. (1) o
R F=a,+ub, @) — ’ 1

T | W fag S foret feafa afewr g, ofR [, R *E TRt 11.8

fog T forwt feafa wfew g, 2, <ifsw) 78 =@as 3@

gfeer &1 g, ST &1 =Fa9 54 &1 e & &9 &1 919 o 991 36 (31981
10.6.2)1

fE 1 3R 1, % o= B =gFam g 9w pQ T @ A I p, I, WA B PQ
=1 faen o g Wi 5, 39 TR B0 R

[}

X
S

. (3)

>
]
X
Rl
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GE| PQ =d
el d, =g S8 wfew 1 ofEmm 31 99 AT g7 R PQ o ot 1 R0 67, 7

PQ = ST |cos 6]
. PQ-ST
T s 0= 11pQ || ST
dn-(a, — a) -
=T ast | (7 ST =4 -a)
(b x by)- (@ — &)
= — 3)%F g)
ST |B, x5,| © )
Ty 14iee =Aaq <0
d=PQ = ST |cos 6|
- g | (Bx B (@ =) |y
| b x b,|
ST ®U (Cartesian Form)
@
l_x_xlzy_)ﬁ zZ—Z
o b, ¢
X—X%H Y= _Z7 %
- 2 a, b, %)
o ot ®1 AaH A
Xo =X Vo=V Z 7%
a b G
a b, G

\/(blcz _bZCl)2 +(qa, —c2a1)2 +(ab, - a2b1)2
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11.5.2 GHIAR I@Ten’ & il & QT'T (Distance between parallel lines)
Ik YErd / Ak [ 9E § A 9 gHaed S €1 A & T e e

F=a +\b (D)
S F=d +pub Q)
g, Wl || W fag s W feurfa @ g, ok w fag T r (@
=1 feafy wfew 4, ® (STpfa 11.9) B :
e [, SR [ Fwaea 31 Al g TH /W

T T T HT A P B qE L@ [ 3R [, A w o p -
T = [TP| S (a;) 1
M A fiF afei ST @i b % o &1 Fo 071 T, FF 119

b x ST = (|b||ST|sin 0)A .. (3)
ST Y@eti [ 3R [ 99 W A9 3HhE 9w 4 el
. ﬁzaz - q

g
gafeTy (3) ¥ 8H U § TR
b x(d,—a) = |b|PT A (FifH PT = ST sin 0)

a9l |bx(d,-d)| = |b|PT-1  (as|i|=1)
TafeTe T Y@ed o o =Aad 4
d:|ﬁ|:‘w 2l

SETETOT 11 Y@ist [, 3R [, die Y =gaad g0 9 kit foreh wfee St §
FEi 4+ A Qi-j+k) (D
R F=20 4+ j—k+p(3i-5]+2k) . (2)
T FHE (1) F(2) FF =G +Ab @R 7 = G, 4+ ub,,q IO FA R
¢ fom
G =i+j, b=2i-j+k

G, =27 +]—k 9 b, =37 —5] +2k
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3afay a,—d, =i-k
R by xb,= (27 —j+k)x(3i-57+2k)
ik
=2 -1 1|=3i-j-7k
3 -5 2
ST b, xby| = \J9+1+49 = /59
Taferg & T Y & A g gl
(b ><[;2).(52_[1’1)| _[3-0+7] _ 10
b xby | | V59 V59

sarevor 12 Frfafea & T et £ SR 1
F=i427-4k+0M(2i+3]j+6k)
R F=30+3]-5k+u(2i{+3]+6Fk)% dra <[ g I@ ST
T A e R §1 () B urw @ TR
G =i+2]—4k,d,=3{+3]-5k 3R b = 2i+3]+6k
Tafe e & e B g

]k
g | bx(@-a) 236
1b| 2 1 -1
J4+9+36

C|-9i+147-4k| 293 293 5,

N 7
[ow=marett 11.2]
12 -3 -4 4 12 3 3 -4 12
1. 33”3?1;%'_1\355—55 F“s E) E) F: E, E) E: E E __°|'|T“ﬁ?ﬁ7‘f
@ R weed

2. <uiige fa fgeti(1,— 1,2), (3,4, —2) @ g <9 dreft @ fagati (0, 3, 2) iR
(3,5,6)d M el @ W a2l
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10.

11.

12.

Tford

. gursT T fagew (4, 7, 8), (2, 3, 4) § B S arelt 3@, faget (- 1,-2, 1),

(1,2,5) 9 M =relt W@ o qHi@ 2

. 95 (1,2,3) | oA el TEn 1 el 9 it S 9few3 i 42 j -2 k%

HHW 2

. fog foment feorfa afew 27—/ + 4k AR T ORkW [+2 -k *F feon & SW

arell Y 1 G R wdE w9 g g 9wt

. 3@ W@ H HEE GHHE J@ ST S fag (- 2,4, - 5) W Sl ® iR

x+3 y—-4 z+8 ot
3 5 6

. @mmwmx;5:y+4¥‘6ﬁ|mmwm

i 7 2
[

. T fag @R (5,-2,3) 9 M arelt 3@ %1 9iew qen S w9 § gHieno 9

EqiSY

. fagatt (3,-2,-5), 3R (3,-2,6) ¥ TSRA ot @1 w1 GRS q° HE s

T IO I A4 i
frfafed War-gi & o9 F1 HI0 Jd B

() F=2i-5]+k+1(3i+2]+6k)3
F=T7i—6k+p(i+2j+2k)
(i) 7=37+]-2k+1(i—j-2k) ¥R
F=2i-j-56k+pn(3i-5j-4k)
foretfefan Y@ & < w1 F0 T HR

x—2_y—1_z+33ﬁ_{x+2_y—4_z—5
2 5 -3 -1 8 4

()
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13. ﬁ@@ﬁﬁ%@ﬁx;szy?:%aﬁxfzgzgwméw

14, @A F=(F+2j+k) + LG —j+k) RF=27{—j—k+pQi+j+20H)F
e &1 =AqH g0 T Hifer:

. x+1 +1 z+1 x—3 -5 z-17

15, el = =y_6: e :y_z == % &% %1 = 7 W
EAlE

16. Y@, frer afew g frafafad €, & o= &1 =Fa0 g 9a s
F=(+2]+3k) + A -3]+2k) 3R F=4i+5]+6k+n(Q2i+3]+k)

17. Y@, et afeer gefeheor fefefea €, o ofte i =ad S it

F=(-0)i+(-2)j+B=-20k IR F=(s+1)i+Q2s-1)j-Q2s+Dk

11.6 9HA (Plane)

Tsh GHAc 1 Mg ®9 Y A4 R ST gehan € A et 9 9 % Tt wd w@ 8
(i) T 1 Afere IR T fog § THae &1 0 76 €, feiq Afeis w9 § gHdaa
T FHIHT
(i) 78 T fog ¥ TR & IR G 7 fXwn o daed 2
(i) =& XU T @ erE fageti @ Tera 2
39 B THAC! o HGY W HiF GHHION I T w4

11.6.1 39T ®T § THAT KT THIHIOT (Equation of a Plane in normal form)

T gudd W faeR wifse fomet ga fag 9@ oead g d (d#0) T (ST 11.10)1
. Z

gfs ON qoi f5g @ qaf W ofd @ qem ON &

sHfw A W sfucd ke ? 9@ ON=d A

21 9 wifey for wrael w1 fag PRI gafer,

. Py,
ﬁ;’o—l\]’mmél —:‘AJ"’Z)
r
3@ NP-ON =0 . (D) d N
%
M wfsm p &t frafq wfew 7 @ 0

NP= 7 - d h (Fif ON+NP=0P) X JTEHRT 11.10
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39 TN (1) &1 &Y Fefaied 8:
(F—dn)-dn =0

ol (F—dn)-n =0(d=#0)
0 Fen—dn-n=0
a1 Fon=d (@E n-n=1)
)
IE HHAA 1 HiW FHHET B

AT ®U (Cartesian Form)

HHde 1 Qe G0 B ST 5 GHdel % Afcid IR |igw g1 7 ST e
‘?I'{Elﬁ's:ﬁ'gP(x,y,z)%lﬁﬁl

@=77=xf+y}'+zl€
M AT ;i BT K- [, m, n B T

A=li+mj+nk

Fon o A (2) H wfoeenfid 9 W B9 TR €,
(xi+yj+zk)-(Ui+mj+nk)=d
31% Ix+my+nz=d .. (3)

I THAA HT HIAT THHT 2

TR (3) TRRfA war © fF AR Fo(ai+bjrck)=dTH
Fodel 1 WY FHEO1 © @ ax + by + cz = d GHAA 1 HIATE THIHIO € el
a, b ¥R ¢ THAA o i o fEep-oga 2l

6
SETEY0T 13 39 I9da 1 | THIHIU F1q Hife st 7 fog | E?ﬁ{ﬁ‘ﬂ%
SR o g § g ifreia WRW 27 - 3 j 4+ 44
T TR AT =27 -3j+4k B 7E

A 20-3)+4k _20{-3]+4k

| 7i | J4+9+16 V29

n=
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T THA o1 3T THRTT

F-( LI J+ 4 Iéjz 0 3

V29 V297 V29 ) 29

SETETUT 14 THaA 7-(61 -3 j—2k)+1 =0 R 9 {3 & et TC &9 gt A

feep-ehIETE JA hifoy|

Tl THAA o T GHIHOT i 36 WehR ook fohal W1 Tehdl B:
Fe(=6i+3j+2k)=1 (D

@ |—6i +3j+2k|=36+9+4 =7
TAfAT (1) o <1 9&li b1 7 9§ 9N i W EH U © 1

- 6. 3. 2Aj 1
rel-—i+—=-j+—-k|==
7 7 7 7

S o T9ae 1 G 7 A= d % ®9 B

w@w%%ﬁz—gi+%}+%éw%mmm%sﬁwﬁg
Y oA B1 T FER 5 A e 0 3 2%
7777
SETEY0T 15 99ad 2x— 3y +4z—6=0% ga f9g 9 30 A@ sifsu)
Tl Witk dcl o ATHeld o fEep-3TUM 2, -3, 4 € THIG gHeh! fXep-shieme -
2 -3 4 2 -3 4

J2 (3242 22 (23 42 224 (-3 14 I 5 29 V29
ST HHIRTO 2x — 3y + 4z — 6= 0 A 2x— 3y + 4z =6l /29 ¥ AN FH
W EH Y| F e

2 -3 4 6

N N R TN
IR TE e+ my+nz=d, % &9 K T &l qa 95 ¥ 99da #1374 7)1 gEfeQ

a1 9o foag o g0 %%
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IEE0T 16 Hd fog 9 99aat 2x—3y+4z—-6=0
R ST T T oh 9% o [agleh A it
T M ST 9o f9g § 9Hae U8 o6 T o o
R Pk fREE (x,y,2,) T (IFHM@ 11111

9 @1 OP & - A x, v,z 2
waaaﬁaﬁwﬁafwé&mﬁ%@%mw
o & fm

2 3 4 6
NN T RN T RN

. 2 3 4

&l OP o faeh-a1um \@,\@,\@%

Hifr T @1 ok fap-HaE 3R fKep-1qud GHMA i €1 o7
A
V29 V29 V29

2k 3k 4k
i SRR b

ﬁnmaﬁwa?ﬂnﬁwﬁqﬁwﬁawqtmqﬁ%ﬁk—f

~18 24
31 el o UIg o feumeh (29 TS 29j%|

A g fig ¥ wea w1 g0 4@ SR wHaw % e w5
b [, m, n € a9 &« 1 R (Id, md, nd) Sl B

11.6.2 T foW Qlewr & areiar agr 3w foig &

ZIhY ST Tt WHACT T THIHTOT (Equation of a A

plane perpendicular to a given vector and

passing through a given point)

sale ¥, T U U 9w o edd 3ok gHaa P(x, ¥y 2,)
T "hd T WY T fau M fag P(x,y,z,) § T 0 Y

TR H1 Fad TH FHAE H1 A g ¢ (e
SRTd 11.12) 1 X ATeRfa 11,12
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uH SfifSe f wada Tk fog A, fSeent feafd Z
afeer G ®, @ o @ 3R |Wigwr N o eed 81 7
s for woae W foret fag P feorfa afew 72
(3Rt 11.13)1

79 fog P woaa o feord @ 7, IRk @R e

A AP, N w @A, swid AP.N-0. W W
AP=7-g . THfeT TR 11.13

(F—a)-N=0 (D)
& THAA 1 TR FHET 2

It ®a (Cartesian Form)
M difee R e fig A (x, p, 2,) 3R TF0A W FE GGP (v, ,2) 8 @ N ok
fEF-3Tud A, BN C®, dd

a=xi+y, j+z k, F=xi+yj+zk sk N=Ai+Bj+Ck

GE] (F—ad)-N=0
afery [(x=)i+(y=2) ]+ (z=2)k | (AT +Bj+Ck)=0
A Ax-x)+By-y)+Ciz-2)=0

SETET0T 17 56 HHAA o1 W9 3R shidia Teiehior 91 shifsw, st fag (5,2, —4) | <

? @R 2,3, - 1 fXop-orqum ot t@1 w e 2l

Tl B WG ® T g (5,2, —4) o1 feorfa afkwr g=57+2 )4k T IR 99aa o @

1 afirets afger N=27+3j—£ 21

THAT THAE 1 Gy Tl (F—a)- N =09 e 2

Il [F=(5i+2j-4k)]-(2i+3j-k)=0 (D

(1) = HF &Y § AR HH T eH I« €, fh
[(x=5)i+(y=2) j+(z+ D) k]- (2 +3 j-k)=0

70 2(x=5)+3(y—2)-1(z+4)=0

7q 2x+3y—z=20

N

S a1 FHAE GHEHOT B
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11.6.3 &7 /G fageit @ gt A arer

qaad &1 GHIEUT (Equation of a plane
passing through three non-collinear points)

M e gmaa W feom o9 ordt@ faget
R, S 3R T o feufa wfge wuer: g, iR ¢ &
(3ATRTd 11.14)1

Tt ﬁﬁ?ﬁﬁqwﬁﬁlmx
feer RS xRT fogefl R, S @ik T i srafds T 11.14
FHE A gHTA R @ B B e gade o
1E fog P ot fearfa |fgwr 7 21 s@feie R 9 ST o1l den 9kl RS x RT W e, 99da

1 T (7 —d)- (RSx RT) =031
el (F—d).[(b-a)x(¢—d)]= 0 (D
IE T STE fagafl § ToRA ame g9aa o IRl 1 |isw

W%' T — <

| Tt | s whean & 9 owE fig e i seasd
22 i fag s &) Y@ W feod © e 9 o a1l e SHaa
B (3TRfA 11.15)1

3 U Teh Tk o Y53 i Hifd g1 el

fagell R, S iR T &1 ofafde &2 areft @
Ui o Ui oh Se ol T 1 99 2 TeRfT 11,15

wAT B (Cartesian Form)
T e 1%|§3ﬁ R, S AR T IEESIERCTNE (x1, y1, 1), (x2, 12, 22) 3R (23, 3, Zs)%l
T Y for wHaer W Rt f5g Pon Ftie (x, y, 2) @ s feafa wfew 781 @@
RP =(x—x)] +(-y)j+@E-z2)k
RS =(0e-—x1); +02- yl)j +t(z2—-21)
RT = (x3 xl)l + (y3 yl)] + (Z3 Zl) k
T OEl I AfEw WEY o g (1) § Hfaeend 9 R 39 U € %
X=X Yy=»y =%
X=X =M I,—%4
X3 =X -V L35
T‘ﬁ:f]%fg (X1 Vi, z1), (X2y2 22)3:ﬁ—{(x3y3 z;)@WWW#WWBH
HTda IEY €

=0
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sasnor 18 fagen R(2, 5,-3), S(-2, -3, 5) 3R T(S, 3,~3) W M et THae ol W

TR0 1 HIT)

T UM ST G=2i+5]-3k, b=—2i-3j+5k, ¢=5i+3]-3k

9 G, b ARG W S o FHAS 1 Figw iRt fefeted €
(F—d)-(RSxRT) =0 (F?)

Rl (F—a)-[(b-a)x(c-a)] =0

S [F—(27+5 ] -3F)]-[(~47 -8 ] +8%)x(37 -2 })]=0

11.6.4 TOACT & WHIHIUT &1 3id: @S-®T (Intercept form of the equation of a
plane)

TG ST |, 9 GHAA o GHIR S, Uk g Rl W we A Te & ' H
@ HE| AF AT THAA T FHIHT

Ax+By+Cz+D=0 (D #0) 2l (D
M AT THdA G x, y, 3R z-378ll W he 31d: TS HAN: a, b 3R ¢ (3P 11.16) T
T WA x, y 3R z-318l W A g (a, 0, 0), (0, b, 0), 3R (0, 0, ¢) R fherar 21

7
-D
B Aa+D=0?JTA=7
Bb+D:02|TB=_7

Cc+D:0aTc=_7 Q050)
3 WM ! A o FHIRO (1) § giqeenfud s SR P (,0,0)
WA 3 WeH I € X SR 11,16
X Y,E e
a b c

S ofd: T €9 § 9Uq &1 AT GO B

SETET0T 19 IH THAA H1 THIHION A6 HIAC Sy, y 3 z-39al W HAA: 2, 3 3R
4 3d: @ e Bl

T HH ST, 9de 1 SHR R

T4l Z o ()

. a b ¢
T a=2,b=3,c=471 2|
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a, b 3R ¢ = TA w1 (1) § yfoeenfud 3 W g0 99qa F1 ST GHie

§+§+§:1 A 6x + 4y +3z=12 W@ W 2

11.6.5 Eﬁ fz\';"Q' gaae & yl?-lue;q"-l q 57oh< S aTAT GHAA (Plane passing
through the intersection of two given planes)

ﬂﬁ?ﬂmnl?:ﬁ'(nzﬁ THad, fSeh gHeRT /1
FN: 7oA =d, SR 7oA, =d, ¥ T gfaesed :’/ (:,"”3
T W feor fopdt fag w1 feafa dfewr s < |

THIRIOT 1 I BN (TR 11.17)1

I 39 Y W fog el fog o fafa wfgm 7 2.a0 ™
{-i =d ¥R 7.7, =d, ST 1117
THiferT ) oF |eft arEafas @Hl o forg g9 U © TR
{-(A,+\iy) = d, +\d,
Hifh [ Wes ¢ ey 98 W & fRdt fag &l gqe e 2
TH TR THIB 7 - (7, + hii, ) =d, +\d, THGE 1, 1 FTefiq e € =i v ¢ fom A
IS AR 7, m, 3R 1w, o TN HI TR FIA T A G 7, B IV L FHTN
oTd: Tuae i, = d, 3R 7 -ii, =d, % U W@ § W 90 fRE guae &
THE -y + hiiy) = d, + Ad, B (D)
HIAT ®Y (Cartesian Form)
HdE ®9 o faw Am

i, = Ai+B, j+Ck

i, = A,i+B, j+C,k
3R F = xf+yj+zl€
(1) =1 gRafda &9 2:

x(A,+ M) +y (B, + AB)+z(C, + AC)=d, + Ad,

a Ax+By+Cz-d)+ MAx+By+Cz-d)=0 - (2)
I Y& A o fau fou gudal o gfde=seq @ 9 gl STH a1 fwdl 99de 1 g
Gl &1
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SEAETOT 20 WHASA 7. (7 + j+k)=6 37 - (2] +3 ] +4k)=— 75,3 Ufdesaq qen fog
(1,1,1) ¥ ST 916! FHAS 1 AT FHI0 A1q SHifad)
T W iy =i+ j+k I G, = 2{+3j+4k Rd, =6 AR d,=-5%
AT T 7 - (7, +Miy ) =d, +Ad, FT TN FH R,
Foli+]+k+M(Q2i+3j+4k)] = 6-5)

el Fo[(L+20)F +(14+3R) j+(1+40)] k = 6-5) (D)
SEl )\ U ardfas e 2

F=xf+yj+zl€,1'@afq'{g'qqﬁ%ﬁ

(xi+y j+zk)[(1+20)F +(1+3L) j+(1+40)k]=6—-51
a1 (I1+20)x+ (1 +30) y+ (1 +41)z=6 -5\
0 x+y+z—-6)+A 2x+3y+4z+5)=0 )
19 YeTER arefiee wHael fag (1,1,1) @ S 2, o: 98 fag, (2) i 9ge ®am
379q

(1+1+1-6)+L(2+3+4+5=0
3

0 - —
A 14

AT T AE F (1) § yioeenfid 9 W g9 UM ©, TR

QTR e

10, 23, 13- 69
a0 ff)~(—'+—'+—k) =

7' 71477 14
R 720 +23 j+26k) =69

S gHae w1 i e getm 71

11.7 St YETll T Hg-acid g (Coplanarity of two lines)

F = a,+Ab .. (1)
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qe Fo=d,+pub, T (2
@ (1) fag A, et feofq wfewr 6,2, 9 g6 St @ T 5, o wAiR 81 @ (2)
fag B et feafa wfew 6,2, ¥ St STt 8 qon b, % IR 2| 0

AB = d,—q,
T W we-qei €, Ak 3R Faw AR AB, by 3R b, WE-aeld 1 3Pl
AB.(b,x by) =071 (d,— d)-(bxby) =0
Eanipikay) (Cartesian Form)
| Wﬁﬁg\%ﬁ AR B fdunes e (x],yl,zl)aﬁT (xz,yz,zz)%l T efifee
IED [;1 3ﬁ'{1;2 ‘o\b‘ﬁ_@{—w s Ma,b,c 9 a,b,c, EIGE]

2 Dy
XE:(xz_x1)2+(Y2_Y1)j+(Zz_Zl)]€
lglzalf+b1j+cl k; R 52=a25+b2}+czl€
T @ wE-qea €, A SN Hew AR AB- (5 xb,)=0 T FrAfafaa st v
H o F WHA
=% h=h 273
a, b q |=0 - (4)

a, b, %)

SEET0T21 39risy foh Y@

+ - — +1 -2 -5 g
X 3=y 1:Z Sme _Jy _z — ¥
-3 1 5 -1 2 5

T AR B W € fF x =—3,y, =1,2,=54a,=-3,b,=1,¢,=5

x,=—1,y,=2,2,=5a,=-1,b,=2,¢,=5
31§ TrAfaRad IR o | 89 9 § T

=% = 735 210
a b, ¢ |=I-3 1 5(=0
a, b, c, -1 25

ZHfT W@ TH-aei 2l
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11.8 ST HHAE ok Srer Sl hlUT (Angle between two planes)

UfTTeT 2 T WA o o9 1 iU Seh AeAel o HEAEY WUl g UG ©
(3TFfA 11.18 (a))| =AM fST &6 Ak 1 Toacti o o= %1 %01 0 € @ 180 -6
(TRT 11.18 (b)) ¥t STk o= T <hI01 B1 €H 7 HI0T i € Gl o <iiel sh1 ST il

M St foF wwaett, 7., =d, SR 7 -7i, = d, o 9 HFOO T 79 e T
fag ¥ wuael W @™ MU SAfelsl o |ie 1 w0 0 2l

GEJ cos O =

|y | |7y |

ITfuesl o ®er ahT <hIUT
W{?{\790—(90—6)]
n, (/ / ,
/ o /9 o>
90-0
9 qHae 2 “;’
s ' 180 -0

T IUT

@) STFfT 11.18 (b)
| = Fomuft | ST T weR wiEEe ® AR i, = 0 R wER § A i, ik

7, T |

Eanip) ®U (Cartesian Form)
OF <ifsT THadi:
A x+By+Cz+D =03 Ax+B,y+C,z+D,=0
o = 1 w0 0 R
o wHaEl & Afrera o faep-3Tgua %AW A, B, C, 3R A, B, C, ¥ zHfaT
A A, +B, B, +C, C,
JAI + B+ C | AJ+BI+C

cos 0=

1. aff < Hode TER o9 © d9 0 = 90° 3R T™ TE cos O = 0. 31
cos9=A1A2+B1B2+C1C2=O
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2. A A mmae TR s @ AL - B G
AZ B2 CZ

SETETUT22 & GHAE! 2x +y—22="5 3R 3x— 6y —2z="7h s 1 Hio1 Figy fafy
SR S HIfST)

T q GUaE % o9 H B0 TET & S STh SATeEl % od H B0 T GEAA o
feu o gl @ THael o qfewr A

Ni=2i+j-2k3R Ny=3i-6j-2k @

Ni-N Qi+j-2k)-QBi-6j-2k) (4j
Tafan 0=|=—=|= ==
OSTTIN N | JA+1+4 J9+36+4 21

LA

3d: 06 =cos 1

IETETUT23 & WHAA! 3x— 6y +22z="7 3R 2x+2y—2z="50k s= I 10T 1d HITSY
A x+B y+C z+D =0 3R A x+B,y+C,z+D,=0
¥ FE W W9 2 A =3,B,=-6,C =2
A,=2,B,=2,C,=-2
3x2 +(=6) (2) +(2) (-2)
\/(32 F(=6) +(-2) (22 + 22 +(-2)?)

gi: cos 0=

~10 5 53

T l7x 23| 7B 21

ESIIY 6 = cos’! (%}
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11.9 9UaA | feu @ ﬁ?@ ot {ﬁ (Distance of a point from a plane)

|ig9r A (Vector Form)

w fag p fowen feufs wfeer ¢ ot wh w9a@ «, fome s 7.4 = d

(TRt 11.19) W =R SIS
V4

T T,
T
Q
p L \P
..... ! i
— 1
a N’ N N Y
..
of— 1 | d.....- v o (I
Koo \/j ]
X
(a) (b)
ST 11.19

TA: f9g P9 wHael 1, % WHIR FHaa 1, W foem i) aude n, o stfers
T WKW 5 {1 3T SHRI THIH (7 — G )7 =0 @

(3Tepfd 11.21 (a))
PQ=ON-ON'=|d—d-n|

2, S T a5 9@ o gHael W A 1 oA Bl SMepa 11.19 (b) o forT gw 36 weR
1 IO Tefyd T Fhd B

1. afk Tae 1, 1 THE 7 N =d, % §9 B8, @ N A W AAeAa g

am@% 3

2. A fog 09 ¥Hdd 7 N =4 & g %%(wﬂﬁa:oy
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HIAT ®Y (Cartesian Form)
R T & P(x,, y,, z,) T T fag @ fowe feafa wfewr ¢ @ e foo w9aa =
IS FHIHT
Ax+By+Cz=D®
GE| é=x1f+y1]'+zll€
N = Ai+Bj+Ck
3d: (1) & ) P 9@ 99dd W &9 i T

(xlf+ylj+211€)-(Af+Bj'+c1€)—D|
JAT+B +C |

Ax1+By1+Czl—D|

JA? +B* + C? ‘

SETETuT 24 9 (2,5, -3)F WA F.(67-3j+2k) =4¥ T 9@ Fifw

T T G=27+5)-3k N=6i-3)+2k%Rd=4.
afer g (2, 5, - 3) 1 fRu wwae @ gl @
127 +5]-3k)-(61 -3 j+2k)—4
161 -3]+2k|

\J36+9+4 7
11.10 Teh 3@ 31T Ueh WHAA o Sl AT hIUT (Angle between a line

and a plane)

UFTaTeT 2 Uk Y@ 3R T HHAA o o9 ] B0, spfireig —> /@

C[12-15-6-4] 13

@1 SR gHae o Afcid o St o R0 T 0T
(complementary angle) W%ﬁﬂ%(@r@"ﬁl 11.20)1 / 690_9 /
|fegyr ®T (Vector Form)

I S fF Y@ w1 Wl F =g+ Ab © A -
e 1 GHIHT 7 - ji = d € a9 T 3R Gael o 3MeRT 11.20

'P
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sAfrets o o= %1 Fo 6, FreAfafad g g) F fwar S Hewa 2|

b-ii
b |
3R 39 YR @l 3R WA o St T IO $, 90° — 0, BRI Yad & e

sin (90° — 0) = cos O

cos6=‘

b-n

b | |

1

b-n
|p]I7]

Felq, sin ¢ = ‘ M= sin”

¥

x+1 y z-3
3

ISTETT 25 Y@ > =~ AR THAe 10 x+ 2y — 11 z=3 % o= &1 &HI0 71

ifsra)

T HH Sfoe fok Y 3R guda o stfiieia & e &1 10 21 XU T Y qen gHae
& THHTON hi AW 9 F HHd HH W 8F

F=(-1+3k)+A(2i+3j+6k)
3R Fo(107+2j—-11k) =39 & 21
R b=2i+3j+6k 3 7i=107+2]-11k
_ Qi+3j+6k)-(107i+2j—11k)
3Ad: s ¢ =
\ J2+ 346 107+ 22 411
-5 (3
T 7xis| l2r| T MeT s gy
[ooareret 11.3]
1. frefafed g o @ 9% o gHaa & ifirels 1 fach-rmea 3R qa fog @
FUEICICIIE L8
(a) z=2 (b) x+ty+z=1
(¢) 2x+3y—z=5 (d 5y+8=0

2. 39 GHAA 1 HEY GO A RIS, S gt fog @ 7 Ak T W 7, el
e 37 +5 ] — 6 k R AleAs B
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Tford

. Tr=fafeq gaae =1 sda 9o I Sifeg:

(@ 7F-(+j-k)=2 (b) 7-(2i +3j - 4k)=1
(©) F-l(s=20)i+@—1)]+@2s+1)k]=15

. Trefafea feafei , ga fog @ @9 T @9 & 1”& fdenes 3@ sifsu)

(a) 2x+3y+4z-12=0 (b) 3y+4z-6=0
(c) x+y+z=1 (d 5y+8=0

. Fafafas afasl o siaria Tudaet o1 Afeer T ST THIEHO Jd Hieg S

(a) f95(1,0,-2)F S &1 3R [+ [ ¥Waa R Afera 2

(b) 13 (1,4,6)F S & 3R} 24/ FAq@ R sfuca T 2|

31 gudal 1 GHIH A0 Hifse St fFrefafad 9 faget 9 e @)

(@) (1,1,—1), (6,4,—5),(-4,-2,3)

() (1,1,0),(1,2,1),(~2,2,—1)

HAA 2x+y—z=>5gR HIS T 3d: @Sl &l T BT

IH THAC 1 GHIHTOT 1 IS TSR 3781 W 3id:@s 3 3 S a1 Z 0X
% HIT B

S GHAA h1 HHIRLOT T I S "HAel 3x —p + 2z — 4 = 0 3R
x+y+z—2=0% gfdesed qen fag (2,2, 1) ¥ e = 2l

3G GHAA 1 WY GHR F1d BT S wEdel 727 +2j-3k) =7,

FU20+5]+3k) =9 o wiaeded @ 3R (2, 1, 3) ¥ SR S 2

Al x+y+z=13R 20 +3y+4z="5% Hiaesed @ ¥ e S ared a1 qat
x—y+z=0T ddaq del 1 GHHO Ad SIS

Hudel, forer afew e 7- (27 +2 -3 k)=5 3R

F-(3i-3]+5k)=3 &, o a9 ® HIO1 T B

frefafed gei & F S o s fXu 70 gudel & g™ GHicR © el deeq
g, oIk 39 feurfa o, 190 3 7 @GR T IR A & SAoaq @ Sk A= B H
M whifeT)

(@) Tx+5y+6z+30=03M3x—y-10z+4=0

(b) 2x+y+3z-2=08Rx—-2y+5=0

() 2x—2y+4z+5=033x-3y+62-1=0

(d) 2x—y+3z—1=08R2x—y+3z+3=0

(€) 4x+8y+z-8=03Ny+z-4=0
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14. Trafafaa 9o o g fXu e fog 9 e o 9@ gaae 1 38 96 Fifs)

fog A
(a) (0,0,0) 3x—4y+12z=3
) (3,-2,1) 2x—y+2z+3=0
() (2,3,-9) x+2y-2z=9
(d) (~6,0,0) 2x—3y+62-2=0
fafaer 3argvor

SETET0T 26 Ueh W@, Th 51 o foervll o 919 o, PB,y, 5, 10 sl & df fag wifsw fo

cos’ o + cos* B+ cos?y + cos? = =

3 Y

&1 Uh T, Teh THhIT0Th el el & Foraent @0, ")F(o, a, @)
e, SeE 3R SeE §9E B B (a,0,d) G -
oM S fF OADBEFCG T o1 fSasht g (a,0,a)
S a AR F T (TP 11.21)1 O] —Bo.a.0)
OE, AF, BG @R CD =R faeti € &A@ 0,0) D(a,a,0)
aﬁférgaﬁ O qenn Eﬁﬁqﬁﬁaﬁi@OEfﬂﬂﬁ[ 31-@[%[11.21
ool OE & fep-hrame

a—0 a—0 a—0

N +a+a* Nt +a>+a2 N +d +d°
111
LS R R
&1 3 YHR AF, BG 3R CD %1 &b~ MR HH:
1 1.1 1 1 1 1 14
373733 BT BT B
M STy < T @1 S O, AF, BG, 3R CD, & W1 SHT: a, B, y, 3R & 107 St

g
1
g COSOL:% (l+m+n);cosﬁ=ﬁ(—l+m+n)

1 1
cosy=ﬁ(1—m+n);cos8=E(Frm—n)
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a1l H¥eh Sied W BH UM € TR

cos? o + cos? B + cos? y + cos? &

[(+m+ny+H+m+n)P] +(U-—m+n)P+{+m-n)]

W= W]~

[4(P+m*+n*)] =§ (AR P+ m? +n = 1)

SETET0T 27 I A 1 HHIHT T shifee fomd fog (1, - 1, 2) efafde & &R st
W?Wﬁ2x+3y—22=53ﬁ'(x+2y—3z=8ﬁ@93’3135‘FW%I
7o fsu T fog &t sfdfa= & are THda ST THH0
A-D+B@E+1)+C(z-2)=0%I (1)
Foel 2x + 3y — 2z =5 ARx +2y—3z=8,% @Y (1) TN U&T GHAA W & B o
Hie 1 WA S W EH U © {6
2A+3B-2C=03RA+2B-3C=0
T RN T FA HH W EH T ¢ fF A=—5C 3R B=4C
Ia: refiee TR B
~5C(x-1)+4C(y+1)+Cz-2)=0
371 Sx—4y—z=17

N

satEtur 28 65 P(6, 5, 9) W fageti A(3,—1,2), B (5,2, 4) 3R C(- 1, - 1, 6) N
fruiftd woae =t < 9@ i

&1 WM wifse o wHaer o 9 fag A, B, @en C €1 fag P WHael W o 1 U
DTl & 313 g0 PD M w1 € Sl PD, AP &1 AB x AC W W&U 2l

T PD= AB x AC % ST SoE Tfaw 9o AP 1 1< oM 2
T AP =37 +67+7k

ik
3R AB x AC=| 2 3 2/=12i-16]+12k

—4 0 4

i—4j+3k

. 3
AB x AC & 3TfR¥ 3EE |fcw = i
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T PD = (37 +6j+74). -4/ *3k
J34
3434
NV

forereua: fog A, B 3iR C ¥ o a1l THAS 1 L0 G SIf9Q iR 9o fag P
T A § 34 TG FHifSQ

STET0T29 T9Isy fob @

x—-a+d y-a z-a-d

oa—-29 o o+9d
-b+ -b -b- .
R a corX 7’ © we-uea F
B—v p B+v
T T8l 9 € &
x =a-d R x,=b-c
y,=a y,=b
z,=a+td z,=b+c
R a = o—398 a,= B-vy
b= a b,= P
c,=a+d c,= Bty
319 GRUTh
X=X, Vo=V Z,—Z b-c-—a+d b-a b+c—-a-d
a, b o | _ o-—29 o o+9d
a, b, ) B-v p B+y
T fo=r ifsu)
T w9 Ted WA W ST W eH W €

b-a b-a b+c—a-d
21 a o o +39d =0

B B B+y
Fiife gor i fedta w9 g 21 ofd: <A Y] ge-deid 21
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SaTetur 30 39 fig o e A Ry <t fagett A3, 4, 1) 3R B(S, 1, 6) 1 faem
Al Y@ XY-ae 1 Hed g
7 foga A @R BY S a1 T w1 wiw S

FE3 44 +k+A[G-3) +(1-4)j+(6-1)k]
31 FE3i A+ heA(27-3]+5k)% )
T ofifse Pae fag @ el T AB, XY-da1 &1 Sfa=sg tdl 21 aa fag P feafa
AT x4y ) F ETH R
7 fag eravd & Wit (1) ®1 "= & 1 (F)

SRIny Xi+y = GB+20)i +(4=-30) j+(1+50)k
PG @Rk, TOTR ®T ger W EH UW ¥

x=3+2A

y=4-3%x

0=1+5%

ST THIRTON i B HH W EH UM © 6
13 23
x—?ﬁ'{y—?
13 23

rq: enfre fag & fdeme (?a?aoJ%W

T 11 U¥ fafaer uvAraei

. Teenu 6 9@ fag @ (2, 1, 1) faom et @, faget (3, 5 -1) @R
(4,3, -1) ¥ fuifiq Y& = & 2

2. w&ﬁwaﬁi@sﬁaﬁﬁsﬁ—ﬁw%ml,nlﬁ?lz,mz,nzﬁ?ﬁﬁ@m%
W T T B -
mon,—myn,nL—nl,l m~—1—-m 2l

3. ‘o:fi’@'lx’:ﬁéﬁHWWWW,WW—Wa,b,Cﬁb—C,C—a,
a—be

4. x-31& o G I qA-foIg ¥ S At 1@ H1 FHRO Ja ST

5. =fg fagafi A, B, C, 3R D& fdeniss swawr: (1,2,3),(4,5,7), (—4,3,-6) 3R

(2,9,2)% @ AB 3R CD Y@ieil o st 1 vl F1d shifery)

ok
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Dyt Xl oy =2 273 g 2ol yol 270 g

-3 2k 2 3k 1 -5
A kR HE JA ST

g (1,2,3) W SH ARl A A F (742 f-5k) +9 =0T e @ H

Tl e Jd hifa|

. T893 (a,b,0) 9 SH 1A QN TA 7.(( + j+k)=2 o FHIGR T 1 HHIHIOT A1

EqiSiYy

Cwmet =67 42 +2k+0(G—-2]+2k) @R

F=—4i—k+u3i-2j-2k% s % a9 g0 9@ S

34 fag = fewie T wifsw el faget (5, 1, 6) 3R (3,4, 1) =i fHem et
W YZ-q i et 2

34 fag & vl @ wifew el faget (5, 1, 6) 3R (3,4, 1) i fHe™ el
Y@ ZX-d 1 e 2

3w fag o fdunier ma st sl faget (3, -4, - 5) @R(2, -3, 1) ¥ o aredt
@, g9ad 2x+y+z=7év't|'|'{5ﬂ?ﬁ%l

fag (—1,3,2) ¥ S o1t 92 guael x+ 2y +3z=53W 3x+3y+2z=07 @
TAF T e THAA T GHEHIO J1d HifoT)

AR g (1, 1,p) 3R (-3,0, NI 7.(37+4 j—12k)+13=0%F T T
R feora @, @ p 1 9 T wIfE)

FHIA 7o+ j+h)=19R 7. (20 +3 j—k)+4=0 % FT=sed @ & 5
T T x-3787 o FHIGK T 1 THHIU F1d i)

If O gt fag qen fag P Fdwnss (1,2,-3), % o fog PH WM a1t @ OP
o deaq a1 FHIHIO FId BT

A 7.(F+2 ] +3k)—4=0 3R 7.(27 + ] —k)+5=07 U= @1 *f
ffelse HT a1 A T 7-(57 +3 - 6k)+8=0 e T FI FHIFIT
SIS

g —1,-5,-10) 8 W 7F=27{—j+2k+1L(37+4]+2k) 3R oI

Fo(i— ] +k)=5% Ufaedsd fag o weA w1 g 7@ HifS
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19. 555 (1,2, 3) 9 S 9t 9o "aaelt 7-(F - j+24)=5 3R 7-Gi+j+k)=6%
AR @ 1 el TR 1 SISl

20. fg (1,2, - 4) 8 w& ol @ik <H e x;8=y_+lé9 =Z_710 iR

-15 -29 -5 .
x3 :y8 =Z_5 TR A @ T G THHIOT AT iU

21. 3% T GHAA & AATE q, b, c® IR THH g fag 4 30 pspE ® @1 g
1 1 1 1
aﬂﬁ‘qﬁﬁy+—+ =—

b* c_2 p2
T 22 SR 23 H W& I R YA HifST
22. T GHAA 2x+3y+4z=4 3R 4x+ 6y + 8z =12k o= HI 3T 2:
2
(A) 235 (B) 43t (C) 83hiE (D) EW@

23, WHAA 2x—y+4z=53R5x— 2.5+ 10z=6%T:
(A) TER &9 (B) HHIR

(C) y-318 W Yidessd & & (D) ﬁg(o,o,%}ﬁw%

qrIsT
¢ U ¥Er i fee-shEE o g et wt oA fTen o e s s
1 HIEET Bl 2
2 aﬁ:@%@?ﬁrﬁq—m l,m,n%?ﬁlz-i-mz-i-lf:l
& g P (x,y,2,) 3R Q(x,y,z,) H AR o @1 #1 faep-HawEd
=% =N H=4 ¥
PQ ° PQ ° PQ
\_ylﬁ.PQ: \/(xz _x1)2 +(y2 _y1)2 +(Zz _21)2

¢ U Y@ T fqp-3uE 3 Fea § S Y@ & fRep-ohiEed o SHem
Bt B




-forfar snfafa 515

2 ﬁ@i@ﬁﬁ%—w l,m,nﬁ?ﬁ%—?ﬂﬂw a,b,c%?ﬁ

a b c

¢ fawmaeta Tard sfale 1 9 W@l S T 9 g € S A 8 g 2
7% Y@t fafa= aafl o e 2

¢ faumaeia Y@l & s sl Iur o8 07 8 S U Rt fog (b ga
fog 1) 9 faumdea W@t & ¥ yois o g9 i T ] ufdedt st
o o9 | 2

¢ I ll,ml,nlarﬁ'{ zz,mz,nzﬁ%—ﬁwwa%@aﬁéﬁawe%
q9

cosO = [LL,+mm,+nn)|

¢ AR a,b,c 3R a, b, c, &eh-Tumt ol Tt o d= w1 FO
0% @
a a,+bb +cec,

\/(112+b12+012 \/a§+b22+c22

¢ T 9. fag foent feafa afkw 5 ® 9 7o Al ok |iew 5 o qwic @
1 |iEw THFEW 7= G+ A b B

* 8 (x,y,2) @ SN ol Y St fKep-hrEd £, m, n €, H FHHEw

pTd VT £ 3
[ m n

o < fargell forer Reoife TRw G 3R 5 & QT el Y 3 T At
THERT 7 =G + A (b — d) &l
* T ﬁl@aﬁ (xl,yl,zl)aﬁ'{(xz,yz,zz)@ M aTelt @ T HIATE THIRIOT

cos 0 =

X=X _Yon _Z-Aa oy

A VT 2 A
¢ AR T Wl =g +1b R F=d, +Ab,, F q=A F IR 6 T @
51‘52
1115, |

cos0 =
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. trﬁ;ﬁ%@aﬁx;x‘ S AP W B W

1 m, n

0 X h _E S s gmmeme d

[, m, n,

cos O =l +mm, +nn,)

¢ 3 fouddeta Wt o = # FAae 50 9% W@reE ® S gH s
o B

¢ W@ 7 =3 +Ab IR F=ad, +ub, A AW T

‘ (El Xl;z)'(dz —ap) 3
| by x b, |
o el FTH YN T gy XN Yo ITh
ag b1 C, a, b2 CZ
o= g
Xo =X V=N 2%

a ) G 3
a, b, &)

\/(blcz _bzcl)2 +(qa, _cza1)2 +(ab, - a2b1)2
¢ TR @A 5= G +ab IR F =g, +pb A B G
[;X(‘_iz_(_jl)
|];| %I
¢ T 9Hqq, Ewt ga f9g 9 38 ¢ 9 wHad R g fog 9 sifyad s
el 7 2, %1 |y 9 H GHAEO 75 = d B

¢ TF gHaq, fowt qa f95 ¥ 38 4 q90 aHaa oh A i feep-hrarea
I, m,n &, 1 GHHTO lx+my+nz=d%l

¢ % fog g fefs ofkw 5 @ 9IH aren iR 9fkw N W " 99dqa 1
THE (7 -G ). N =02
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T U Mg (v, p,,2,) TH A R T & T Y e - A,
B,C ¥, | T THAA 1 FHEA (x—x,)+ B (y—y,)+ C (z—z,) =02l
LIRS EEERC] f?'ﬁ?rﬁ (x5 Y52 (X 155 2,) R (x3,y3,z3)13f WM A 9Eae
E’l:ﬁW%:

X=X Y=V Z—Z

Y, =% =N H T4 o

X3 =X V3=V Z3 — %
= fagett fomer feufa wfew g, 5 3R ¢ F1 safde wH ot 9T F
i 90T (7 —G) .[(b—a)x(¢—-3d)]=0
Th Guda S R @6 (g, 0, 0), (0, b, 0) AR (0, 0, ¢) W HEd €,
THF = + 2+ = 13

b ¢

a

A 7 iy =d, IR 7 - 7iy = d, % s ¥ S A HHaa w1 qfew

THE 7 - (7, + Miiy) = d, + Ld, T, & A TH T €|

geaa

A x+By+Cz+D =0

3ﬁ'{A2x+B2y+sz+D2=0

o gidessd ¥ e dlel 99ael 1 THIR

(A,x+B,y+C,z+D)+MA,x+B,y+C,z+D,) =03l

AW 7 =G + 1 SR 7 =a, + b, a0 g AR
(52—ﬁ1)-(51x[;2)=0

I ST @ fagett A(x, v, z,) T B(x,, y,,z,) ¥ Tl € 79 THACAA

Xo =X Vo=V Z; —Z

gark| 4 b “ =0

@ b, ©
3 7 Toraeh T €9 7 i, = d, 3 7 -7i, = d, & 7 7k S KT = Kl

1|ﬁ1'ﬁ2|

0% d9 0 =cos —
|7y |72, |
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i
W 7=+ 1b3R TA 7-7=dh 5= H T HW ¢T

il Ax+By+Cz+D, =07eN
A,x+B,y+C,z+D,=0% o= 1 =7 FI7 0 ¢ 79
A A, +B, B, +C, C,
\/A12+B12+C12 \/A§+B§+C§
ey w9 #, uw fag fomen feofa @ftw 5 2, 9 9@

|d —d-h| B
T fog (xl,yl,zl)ﬁﬁﬁ Ax+By+Cz+D=0'@l§ﬁ

0 = cos’!

Ax, +By, +Cz, + D

J A2 +B? +C?

B

— % —
L X4

7
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